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Abstract—We present the e-outage capacity in the low closer toward the destination, the gap between this prbtoco
signal-to-noise ratio (SNR) regime of an incremental relay\g and the cut-set bound gets worse and worse. Furthermore, it
network. The network consists of one source, one destinatio 55 Jemonstrated that the optimal relay location only dégen

and two half-duplex relays. The one-bit feedback from the o
destination node is considered to be imperfect and is modele on the path-loss factar and is independent of the SNR and

as binary symmetric channel. The basic idea is that in each the target outage probability
block only one terminal transmits depending on the feedback  Variability of data rate dependent on the channel condition

information in order to achieve a better use of the degrees of s also treated in [3]. The authors examine a network in which
freedom of the channel. We derive a closed-form expression y,e ata rate is adapted with respect to the average SNR. The
of the e-outage capacity qnd show that the quality of t_he - Lo "
feedback link has a great influence on thee-outage capacity key point is to maintain gcons_tan'; target o_utage probgtzlit .
of the network. We further examine an extension to the all SNR values. The main setting is a hybrid ARQ (automatic
“usual” incremental relaying protocol by allowing the relays to repeat request) protocol in Rayleigh block-fading chasinel
?r:/e_rhear t(;]gcéﬁ?wsmirs;ti)%ﬁlim ?ﬁizhngt/he?ririgr :r:]d:r:t;?rgl‘:r?nas Main Contributions: We derive thes-outage capacity of an
elr own . : H :
protocol performs glopse to théy cut-set bound (within0.5 bit/s/ﬁz)q incremental relaying protocoI.W|th_ t\.No _relays th_at emplqy
decode-and-forward. One major distinction to prior work is
Keywords—cooperative communications, incremental relaying, that the feedback channel is considered to be imperfect. We
imperfect feedback, e-outage capacity stress that the maximal gain with respecttoutage capacity
compared to a network without feedback lies betwéeand
3. This clearly points out the great advantages of feedback.
The idea of incremental relaying was first introduced iNevertheless, it must be highlighted that in practice feetb
[1]. The authors presented results for an amplify-and-éodv does not come at no costs. However, in our set-up we only
relay network that operates in the high signal-to-nois@ratconsider a one-bit feedback that indicates success ordailu
(SNR) regime. One of the main problems for the analysis of prior transmissions. Obviously, as the block length igda
incremental relaying is the fact that the data rate itselé isthe impact of one-bit on the data rate can be neglected and
random variable depending on the channel quality betwees get very good approximations of the true achievable rates
the nodes. For that purpose, the notion of a long-term aeerdgurthermore, we propose an extension to the normal incre-
data rateR was introduced in [1]. However, two problemsmental relaying protocol that allows the relays to overliaar
occur with such a setting. First, there are several values tednsmission of the other relay and, hence, increase their o
the initial target rateR that lead to the sam&. The authors decoding probability. This novel incremental relaying ool
solved this issue by selecting the smallest posdiblee., that performs close to the cut-set bound (withird bit/s/Hz).
target rate that leads to the most reliable transmissiocol®8  The remainder of the paper is organized as follows. In
consideration of the high SNR regime makes practically tt&ection Il we introduce the system model. Section Il deals
use of incremental relaying obsolete. If the source is able with the derivation of thes-outage capacity of the proposed
transmit with very high power, the probability that soutoe- incremental relaying protocol. In Section IV we give nunsati
destination transmission will fail tends to zero. Consexjlye results and discuss our findings. Moreover, we introduce a
there is no need for the relay to transmit. The problem besom®vel incremental relaying scheme and analyzecitaitage
much more realistic and interesting in the low SNR regimecapacity. Finally, Section V concludes the paper and gives
This was done for decode-and-forward in [2]. The authosdme remarks on further research.
derived thec-outage capacity for the general casefofrelays
when there is perfect feedback from the destination. dhe
outage capacity was then compared to that of the cut-setVe consider the network depicted in Fig. 1 which consists
bound. For the one-relay case it has been shown that if thiea sourceS, a destinationD, and two relaysR; and Ra,
relay is located close to the source, incremental relayiilg wrespectively. The channel gaihs, i € {sd, sr1,sra,11d, r2d},
decode-and-forward is outage optimal in a way that it adsevrepresent a slow Rayleigh fading profile with varianegs
the e-outage capacity of the cut-set bound. If the relay movés a consequenceh;|? follows an exponential distribution
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Fig. 2. Division of one transmission block into three subeils. Source
transmits during the first sub-block. Depending on the fael(FB) either
source of relayR; transmits during the second sub-block. Again, depending
on the feedback, either source or rely or relay Ra transmits.

Fig. 1. Network for incremental relaying with imperfect fdack. Dashed
lines indicate one-bit feedback from the destination to sberce and the
relays.

Psp is the probability that the source-to-destination trarssmi
sion hasnot been successfuPy, p, is the probability that the

with mean valuer? and phases are uniformly distributed ovefléstination could decode after rel&y has transmitted. This
[0,27). We use a common path-loss model, whefex d; also includes the preceding source transmission. Therefor
with d; being the distance between two nodes. White GaussiBh. 0 Means that the destination can decode after combining
noise is added at each receiving node and noise realizatié# transmissions from the source and the retay Conse-

are assumed to be independent and identically distribut@dently, Pr,p is the probability that the destination could
(i.i.d.). All noise realizations are drawn fro@\/(0,V). An not decode after the relaR, has transmitted. A positive
average power constraint df is assumed at the source and@cknowledgment from the destination is denotediby and a

the relays over a transmission block. The SNR is defined pg9ative acknowledgment WACK. With (AB);x, we denote
SNR = P/N. The relays are practically constrained in a waShe element of thé-th row and then-th column of the matrix

that they cannot transmit and receive at the same time (hdfoduct AB. The Hadamard (entry-wise) product of two
duplex relays). Furthermore, the relays employ decode-afgatricesA andB is denoted as\ o B. As we consider one-bit
forward, which means that they decode the source message #g§glback, it is reasonable to model the feedback channels as
encode it again before retransmission. Throughout therpapelinary symmetric channels (BSCs) defined as

is assumed that there are enough channel uses per tramsmissi
phase so that the codes achieve their intended rates yeifabl
the rates are below the channel capacity. 1—p := Pr(NACK|ACK) = Pr(ACK|NACK).

The overall transmission block is divided into three sub-o e sake of analysis, we assume that source and relays
blocks. The transmission procedure then is as follows (Sg&ejve the feedback with the same degree of reliabiliéy, i.
Fig. 2): During the first sub-block the source transmits ifg feedhack channel is the same and, hence, modeled by the
the relays and. the destination. The destlr!atlpn then |tmhcasame BSC with parameter
success or failure of the source transmission by a one-bit
feedback. If the source transmission was successful, theso I1l. OUTAGE CAPACITY
allocates the next sub-block again. Since we assume blogk . .
fading, it is obvious that this transmission will succeetvas. A" Basdline Setting
The same happens during the third sub-block and, hence, th¥Ve derive thee-outage capacity of incremental relaying
overall gain becomes$ in this case. If source transmissiorPy applying the method described in [2]. First, a baseline
was not successful, then the rel® transmits during the Setting is examined, which means that we derivectioeitage
second sub-block. The destination now employs maximugapacity of the corresponding network but without feedback
ratio combining and tries to decode the combination of tHeom the destination. After that, feedback comes into play
source transmission and the relay transmission. Againea oRY introducing a scaling factor that influences the pre-log
bit feedback indicates success or failure of decoding.Wds factor [5]. The pre-log factor is similar to the multiplegn
successful, the source occupies the third time slot and @@in in the high SNR regime [6]. Each sub-block is assigned
whole procedure starts again. If it was not successfulygla for a single transmission, i.e., we consider interferefnee-
transmits and the destination tries to decode the combimafi transmission (cf. Fig. 2). In order to have the same amount
all three transmission, i.e., the transmissions from theag Of information transmitted through the network (compared t

p := Pr(ACK|ACK) = Pr(NACK|NACK)

relay R, and relayRs. direct transmission with rat®), each node transmits wihR.
We use thee-outage capacitC. as performance metric For the sake of analysis, we define

[4], which is defined as the highest raie such that outage 93R _ |

probability satisfie®ou: (R, SNR) := Pr(C(SNR) < R) <, g(R,SNR) := SNR Q)

where0 < ¢ < 1 andC(SNR) is the instantaneous capacity. ) )
For a target outage probability we haveC, := sup{R : @and drop the dependence éhandSNR in the following.
Pout (R,SNR) < €}. An outage occurs for the following four cases:

Notation: Psp describes the probability that the source- 1) The source signal cannot be decoded by the destination
to-destination transmission has been successful. Acugldi and by the relays.



2) RelayR; can decode the source signal, but relay

well. The same is true for the third sub-block. To sum up,

cannot. Additionally, the destination is still not able taf the source transmission succeeds without any help by the
decode after combining the signals from the source anelays, then the overall gain with respectetoutage capacity

relay R;.

becomes3. Now assume, in contrast, that the reRy has to

3) The same as 2), but the roles of the relays changed.transmit, but not relay,. In this case, the third sub-block can
4) Both relays can decode, but the destination is still nbe used by the source again to transmit the next information
able to decode after combining the signals from thmessage and the gain over the baseline setting with respect t

source and both relays.

e-outage capacity becomeéss. Similar consideration hold for

With these considerations, the outage probability of the n@ther cases. Since theoutage capacity is valid for all possible

work can be expressed as

Pout = Pr(|hsal®> < g)Pr(|hen]® < g) Pr(|he,|? < 9)
+Pr (|hsr1|2 > g) Pr (|hsr2|2 <g)Pr (|hsd|2 + heyal* < 9)
+Pr (|hsr1|2 <g)Pr (|hsr2|2 > g) Pr (|hsd|2 + heya|* < 9)
+Pr (Jher, [* = g) Pr (|hsr, [* 2 9)

Pr (|hSd|2+|hY1d|2+|hr2d|2 <g)a (2)

channel realizations and not only for instantaneous oies, t
average of the transmission phases, i.E(N), must be taken
into account.

B. Number of Transmission Phases

We now examine the required number of transmission
phases (number of sub-blocks) in order to transmit a source
message to the destination. Obviously, the maximum amount

where case 1) is represented by the first line on the rightthagy required sub-blocks i8. In such a case the source and
side, case 2) by the second line, case 3) by the third line, g5y, relays would have transmitted to the destination. & th

case 4) by the fourth and fifth line, respectively.

destination is still not able to decode, an outage is dedlare

In order to be_able to calculate the Ol_Jtage probability in 5na sub-block is required for the following cases: 1) The
the low SNR regime, we apply the following lemma (for they,rce transmission was successful argk was received

proof see [7]).

Lemma 1: LetY = Y1 | X;, whereX,, are independent

exponentially distributed random variables with megn If
g(&) is a continuous function &= 0 andg(£) — 0 as¢ — 0,
then the cumulative distribution functiafiy () of YV satisfies

m Fy (9(f)) _ 1
51—>O g(§)¥ K ﬁ 02. )
i "

correctly. 2) The source transmission was not successfilil an
NACK was received incorrectly.

Two sub-blocks are required if the following constellagon
occur: 1) The source transmission was successful sd
was received incorrectly. Hence, the relay transmits. Then,
we need two sub-blocks if the combination of the source and
the relay transmissions was successful a0k was received
correctly or if the combined transmissions were not sudaess
andNACK was received incorrectly. 2) The source transmission

Since we are interested in a low target error probabdity was not successful anlACK was received correctly. Again,

e — 0 impliesg — 0. Therefore, if we examine the low SNR

regime, i.e.,SNR — 0, we have to make sure that’® — 1
converges faster to zero than dd#¢R. Finally,
2

2 2 2 2 2 2 2
hm Pout o 60r1(iar2d + 3Usr10r2d + 3O-srg Urld + Usrlasrz
- 2 2 2 2 2 .
siirR S0 I 605405, 05,0 1,d%rpa
g—0

(4)

In the following, we substitute the right-hand side of (4)
by f(o)~!. The e-outage capacity (without feedback) then

becomes after some algebraic manipulations

Ce = %1og2(1 + SNRY/ f(o)e). (5)

the relay R, transmits and we get two sub-blocks if the
combination of the source and the relay transmissions was
successful andCx was received correctly or if the combined
transmissions were not successful aeCK was received
incorrectly.

For the following four constellations, three sub-blocke ar
required:

1) The source-to-destination transmission succeeglexl,
was received incorrectly, combined transmissions of the
source and the first relay succeeded, a0k again was
received incorrectly.

2)
The e-outage capacity of the corresponding incremental re-
laying network is derived by multiplying. with the factor
3/E(N), where E(N) stands for the average amount of
required transmission phases in order to send the source in3)
formation to the destination. The reason for this scalirgdia

is the following. Assume the source transmission succeeds
during the first sub-block. Then no relay has to transmit in
the subsequent sub-blocks. Hence, we h&ve 1, where N 4)
is the number of transmission phases. The next sub-block can
then be occupied by the source and, due to the block fading
model we consider, this transmission will be successful as

The source-to-destination transmission succeegsiex,
was received incorrectly, combined transmissions of the
source and the first relay failed, aNdCK was received
correctly.

The source-to-destination transmission failétCK was
received correctly, combined transmissions of the source
and the first relay succeeded, aadk was received
incorrectly.

The source-to-destination transmission failétCK was
received correctly, combined transmissions of the source
and the first relay failed, andlACK again was received
correctly.



All these considerations can be summarized in the equation 3

E(N) = Pspp+ Psp(1—p) °
+2Psp(1 — p)Pr,pp + 2Psp(1 — p)Pr,p(1 — p) 2.51L { b
+2PsppPr,pp + 2PsppPr,p(1 — p) :
+3Psp(1 = p)Pr,n(1 = p) +3Psp(1 — p)Pr,pp g 2l ¢ \

- ‘

+3PsppPr,p(1 — p) + 3PsppPr,pp.

It is obvious that, as the number of relays increases, 150 d \
derivation of E(N) becomes more and more complicated. \
Rearranging allows us to describe the average amount of € ;
required sub-blocks in a compact matrix notation. We get: 1

0 0.2 0.4 0.6 0.8

—_

Fig. 3. Average amount of required sub-blod&&V) vs. reliability p of the
feedback for the two-relay case.

dsrl dr?d

»
<« »

The vectorK; = [1, 2, 3] clearly is of dimensior(1 x 3).
The matrixP denotes the feedback channel and is given by

_| p 1-»p
P = [ 1-p P } : Fig. 4. One-dimensional geometry used for the analysis.di$tances have
been normalized to the source-to-destination distaneg,diq = 1, dsr; =

The matricesS and R, describe the decoding probabilityl/3, andd,,q = 1/3, respectively. Note thad;,q = 1 — dsr, = 2/3 and

at the destination after the source transmission and affer = !~ dra =2/3.

the combination of the source and the transmission of the

relay R,, respectively. AccordinglyS = [Psp, Psp]? and

R = [Pr,p, Pr,p]". Finally, (PS)21 = Psp(1—p)+Pspp.  of ¢ = 10-3 was used and the path-loss factor was set to
The average amount of required sub-blo@sV) vs. the « = 4. We see that with incremental relaying we achieve enor-

reliability p of the feedback is shown in Fig. 3. The array ofnous gains over the simple baseline setting where each relay

curves is bounded by a rectangular box givenH{yV) = 1, transmits in its assigned sub-block even if source trarsoris

E(N) = 3, p = 0, andp = 1. The shapes of the curveswas successful. Nevertheless, the gap between incremental

depend on the parameter sgisp, Pr,p}. The values used relaying and the cut-set bound is remarkable. For instance,

in Fig. 3 are listed in Tab. I. The gray area illustrates theonsider an SNR 05 dB. The difference between the cut-set

region where no curves can be found. An interesting fact limund and incremental relaying is approximatélypit/s/Hz.

that all curves intercept fop = 0.5 (unreliable feedback). The reason for this is obvious: Decoding at reRy is only

The average amount of required sub-blocks for this value igsed on the source transmission. However, the transmissio

E(N) = 1.75. of relay R, during the second sub-block can be exploited in

order to increase the decoding probabilityRy. If we do so,

we get ane-outage capacity given by

dsd

TABLE |
VALUES FOR Psp AND PRlD IN FIG. 3.

tag [[a| b | ¢ | d |e , 1 -
Poo [ 1] 09 ] 08 [05]0 cim) = EV) log, (1 + SNRY/ f(o)e) (6)
Pr,p || 1 ] 005 | 085 ] 050

with f(o) = o202 02 . (The derivation of the above
equation is given in the Appendix.) An upper bound (i.e.,

In this section we give numerical results for the invesggat E(N) = 1) of this protocol is shown in Fig. 5, too. It can
protocols and discuss our findings. For simulations we useeasily be seen that the gap between the cut-set bound and
one-dimensional geometry as shown in Fig. 4. the novel incremental relaying protocol f6NR = 5 dB is

The upper bound (i.eE(N) = 1) for the e-outage capacity only 0.3 bit/s/Hz. Asymptotically, the maximal gap becomes
of incremental relaying is illustrated in Fig. 5. Theoutage 0.5 bit/s/Hz.The major advantage of this protocol is that the
capacities of the baseline setting and the general uppardogain comes at almost no cost, because we simply exploit the

(cut-set bound) are also depicted. A target outage prababilbroadcast nature of the wireless channel.

IV. NUMERICAL RESULTS ANDDISCUSSION



still cannot decode, buR, can. Then, the destination

4 . C;,t_set bdund still cannot decode the combined signal from the source,
baseline setting R Ri, andR».
—0— upper boundR K 4) Similar to 2) and 3), but the roles &f, andR, changed.
3 1| —o— upper boundR/ 7 5) The destination cannot decode the source signal after

the first sub-block, but both relays can. After the second
sub-block, the destination still cannot decode. Even after
the third sub-block, the destination is still not able to
decode.
We now apply Lemma 1 foi = 3. Thus, the only term
that is nonzero is the one described in 1). All other termd ten

e-outage capacity
[N}

1 L
to zero for the limitg — 0. We demonstrate this by showing
two examples. First, consider 1). We get:
0 . Pr(|hsd|2 <g) Pr(|hsr1|2 <g) Pr(lhg |2 <g)
20 -15 -10 -5 0 5 10 lim : : p
SNR SNR—0 9 9 9
g—0 ! 1 1
(7'2 02 (7'2
Fig. 5. e-outage capacity in bit/'s/Hz v&NR in dB for e = 103, o = 4, sd ST Sr2
and the geometrical constellation shown in Fig. 4. Now, consider 2)_ We have:
i Prlhe P2 9) Pr(lha,l? < 9)
V. CONCLUSIONS sﬁ?%o 1 g
We investigated the-outage capacity of an incremental 9 —1 -1

relaying network in the low SNR regime. The network consists .

of one source node, one destination node, and a pair of half- . Pr(|fisey [* + |y [* < 9) . Pr(|hsa|* + [hnal® < g)
duplex relays. It has been demonstrated that incremental re g g

laying achieves great performance gains over a simple @ecod —0 =0
and-forward relaying protocol. Nevertheless, the perfmoe Hence, we finally get
gap between the cut-set bound and incremental relaying is

. 1
remarkable. In order to overcome this drawback, we extended lim po;t =55 5 7
the normal incremental relaying protocol by allowing the SNR S0 I Tsd%sr, Tsr

relays to overhear the transmission of the other relay. Inglo 90

so, each relay increases its own ability to decode and, thudlich yields after some algebraic manipulation the desired
increases the overaffoutage capacity enormously. It has beergsult forCe(IR ).
shown that this novel incremental relaying protocol parfer
close to the cut-set bound (within5 bit/s/Hz). We currently

deal with the extension of this protocol to large networkthwi [1] J- Laneman, D. Tse, and G. Wornell, “Cooperative divgréi wireless
networks: Efficient protocols and outage behavidEEE Transactions

an arbitrary number of relays. Moreover, comparison to the o irformation Theory, vol. 50, no. 12, pp. 30623080, December 2004.
incremental relaying network with bursty amplify-andsk@rd [2] T. Renk, H. Jaekel, F. Jondral, D. Giinduz, and A. Goldsnriibutage
as proposed in [81 is under investigation. capacity of incremental relaying at low signal-to-noiseios” |EEE
prop [ ] 9 70th Vehicular Technology Conference (VTC-Fall), Anchorage, Alaska,
September 2009.
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tal lavi t li imilar to th d ibed i http://arxiv.org/pdf/0811.4191, November 2008.
mental relaying protocol IS similar 1o the one aescribed i | . ozarow, S. Shamai (Shitz), and A. D. Wyner, “Infortioa theoretic

Subsection IlI-A. We first derive the-outage capacity of the  considerations for cellular mobile radidEEE Transactions on Vehicular
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