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Outline of the Talk
• Title: “On the Importance of Separation and Labelling on the Hypersphere”

• Part I: Information Theory in Representation Learning

• Part II: Empirical and Geometrical Aspects

• Part III: Our Contributions

• Publications
• [1] M. Lindström, B. Rodríguez-Gálvez, R. Thobaben, and M. Skoglund, ‘A 

Coding-Theoretic Analysis of Hyperspherical Prototypical Learning Geometry’, 
in Proceedings of the Geometry-grounded Representation Learning and 
Generative Modeling Workshop (GRaM), PMLR vol. 251, pp. 78–91.

• [2] M. Lindström, R. Thobaben, and M. Skoglund, ‘On the Importance of 
Separation and Labelling on the Hypersphere’, in preparation.
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Part I:  
Information Theory in 
Representation Learning
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Real-World Data
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“So remember to look up 
at the stars and not 
down at your feet. Try 
to make sense of what 
you see and wonder about 
what makes the universe 
exist.”
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Real-World Data
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“So remember to look up 
at the stars and not 
down at your feet. Try 
to make sense of what 
you see and wonder about 
what makes the universe 
exist.”

“S rmmbr t lk p t th 
strs nd nt dwn t r ft. 
Tr t mk sns f wht s nd 
wndr bt wht mks th unvrs 
xst.”
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Lossy compression

Lossy JPEG compression

Voice band coding

Real-world data can be heavily compressed while still being usable



The Aim 

• Some “definitions” of good representations:
• Bengio et al. (2013): “learning representations of the data that make it easier to extract useful information when

building classifiers or other predictors”

• Goodfellow et al. (2016): “a good representation is one that makes a subsequent learning task easier”

• Rodríguez Gálvez et al. (2023): “learning lower dimensional representations of data which capture the data’s
semantic information”
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Good Representations: My Definition

• Good representations are 

i) Low dimensional, 

ii) Information-preserving, 

iii) Easy to use in downstream tasks.
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In practice (multi-view self-supervised learning 
for image classification (Caron et al., 2020)):

224 224  128 (ca. 99.8% reduction)× →

Almost the same performance as using  
the raw data

Linear predictors (logistic regression)



Information-Theoretic Analogies

• Information-theoretic analogies:
• “Keep all relevant information in the data” – the InfoMax principle

• Approximately lossless source coding

• Rate-distortion theory

• Sufficient statistic for most realistic tasks
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Towards a General Task : Self-SupervisionT

• Self-supervised learning: train representations for self-similarity

i) Define a class of transforms which preserve “enough” information (translations, rotations, flips, 
crops, colour distortions, blurs …)

<latexit sha1_base64="E17BDGa0j7bsX1T/fG0c2wyrm6Q=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxW6AumQ8mkmTY0kwxJRihDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfTmlre2d3r7xfOTg8Oj6pnp71tEwVoV0iuVSDEGvKmaBdwwyng0RRHIec9sPZfe73n6jSTIqOmSc0iPFEsIgRbKzkD2NspgTzrLMYVWtu3V0CbRKvIDUo0B5Vv4ZjSdKYCkM41tr33MQEGVaGEU4XlWGqaYLJDE+ob6nAMdVBtoy8QFdWGaNIKvuEQUv190aGY63ncWgn84h63cvF/zw/NdFdkDGRpIYKsvooSjkyEuX3ozFTlBg+twQTxWxWRKZYYWJsSxVbgrd+8ibpNereTb352Ky1GkUdZbiAS7gGD26hBQ/Qhi4QkPAMr/DmGOfFeXc+VqMlp9g5hz9wPn8Ai0uRYw==</latexit>

T

ii) Draw              and create the artificial samples                 and 

iii)Train the encoder to optimise             

• This is the basis of multi-view self-supervised learning (Poole et al., 2019; Chen et al., 2020; Caron et al., 2020; Wang & 
Isola, 2020; Rodríguez Gálvez et al., 2023; Oquab et al., 2024; Siméoni et al., 2025)

Sample 
x

Feature extractor 
fθ

Representation 
z(1)

Feature extractor 
fθ

Representation 
z(2)

t1

t2

Compare
z(1) ≈ z(2)

<latexit sha1_base64="uDFb/25uyv2gLROGpibcYoyjiu4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1KSUtRlwY3LCn1BE8JkOmmHTh7M3AglFDf+ihsXirj1K9z5N07aLLT1wIXDOfdy7z1+IrgCy/o2SmvrG5tb5e3Kzu7e/oF5eNRVcSop69BYxLLvE8UEj1gHOAjWTyQjoS9Yz5/c5n7vgUnF46gN04S5IRlFPOCUgJY88wQ8+xKDV8eO4iF2QgJjSkTWnnlm1apZc+BVYhekigq0PPPLGcY0DVkEVBClBraVgJsRCZwKNqs4qWIJoRMyYgNNIxIy5WbzF2b4XCtDHMRSVwR4rv6eyEio1DT0dWd+olr2cvE/b5BCcONmPEpSYBFdLApSgSHGeR54yCWjIKaaECq5vhXTMZGEgk6tokOwl19eJd16zb6qNe4b1Wa9iKOMTtEZukA2ukZNdIdaqIMoekTP6BW9GU/Gi/FufCxaS0Yxc4z+wPj8AbzBllo=</latexit>

t1, t2 → T
<latexit sha1_base64="18PB7JlPdS6xjlEuPi1/0jySxek=">AAAB+XicbVBNT8JAEJ3iF+JX1aOXjcQELqQlRL2YkHjxiImACdRmuyywYbttdrcE0vBPvHjQGK/+E2/+GxfoQcGXTPLy3kxm5gUxZ0o7zreV29jc2t7J7xb29g8Oj+zjk5aKEklok0Q8ko8BVpQzQZuaaU4fY0lxGHDaDka3c789plKxSDzoaUy9EA8E6zOCtZF82548pSW3PEM3SPtuaVL27aJTcRZA68TNSBEyNHz7q9uLSBJSoQnHSnVcJ9ZeiqVmhNNZoZsoGmMywgPaMVTgkCovXVw+QxdG6aF+JE0JjRbq74kUh0pNw8B0hlgP1ao3F//zOonuX3spE3GiqSDLRf2EIx2heQyoxyQlmk8NwUQycysiQywx0SasggnBXX15nbSqFfeyUruvFevVLI48nME5lMCFK6jDHTSgCQTG8Ayv8Gal1ov1bn0sW3NWNnMKf2B9/gDvU5He</latexit>

x(1) = t1(x)
<latexit sha1_base64="ZCh2rokmAct1hu9JQi7wGB3zYT8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahvZQkFPUiFLx4rGBboY1hs920Szcf7E5KS+g/8eJBEa/+E2/+G7dtDtr6YODx3gwz8/xEcAWW9W0UNja3tneKu6W9/YPDI/P4pK3iVFLWorGI5aNPFBM8Yi3gINhjIhkJfcE6/uh27nfGTCoeRw8wTZgbkkHEA04JaMkzzclTVnGqM3yDwXMqk6pnlq2atQBeJ3ZOyihH0zO/ev2YpiGLgAqiVNe2EnAzIoFTwWalXqpYQuiIDFhX04iETLnZ4vIZvtBKHwex1BUBXqi/JzISKjUNfd0ZEhiqVW8u/ud1Uwiu3YxHSQosostFQSowxHgeA+5zySiIqSaESq5vxXRIJKGgwyrpEOzVl9dJ26nZl7X6fb3ccPI4iugMnaMKstEVaqA71EQtRNEYPaNX9GZkxovxbnwsWwtGPnOK/sD4/AHyaZHg</latexit>

x(2) = t2(x)
<latexit sha1_base64="gssNueGxqLcu2dUferK7CzZ/vVs=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCC1KSUtRlwY3LCvYCbSyT6Wk7dDIJMxOhhm7d+CpuXCji1jdw59s4TbPQ1gMDH/9/DmfO70ecKe0439bK6tr6xmZuK7+9s7u3bx8cNlUYSwoNGvJQtn2igDMBDc00h3YkgQQ+h5Y/vpr5rXuQioXiVk8i8AIyFGzAKNFG6tm4y4kYcsAPd0nRLU3PUqiUprgrU6NnF5yykxZeBjeDAsqq3rO/uv2QxgEITTlRquM6kfYSIjWjHKb5bqwgInRMhtAxKEgAykvSS6b41Ch9PAileULjVP09kZBAqUngm86A6JFa9Gbif14n1oNLL2EiijUIOl80iDnWIZ7FgvtMAtV8YoBQycxfMR0RSag24eVNCO7iycvQrJTd83L1plqoVbI4cugYnaAictEFqqFrVEcNRNEjekav6M16sl6sd+tj3rpiZTNH6E9Znz84Upi5</latexit>

→z(1), z(2)↑
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Information-Theoretic Loss Functions

• Broad range of methods, but many are connected to information theory (Rodríguez Gálvez et al., 2023)

• With a tractable density , we haveQZ2∣Z1

I(Z1; Z2) ≥ H(Z2) + 𝔼[log QZ2∣Z1
(Z2)]

Sample 
x

Feature extractor 
fθ

Representation 
z(1)

Feature extractor 
fθ

Representation 
z(2)

t1

t2

Compare
z(1) ≈ z(2)
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z(1) ≈ z(2)

Diverse representations

Information theory is a powerful formalisation of representation learning



Part I Summary
• Representation learning is about learning to extract good features:

i) Low dimensional,

ii) Information-preserving,

iii) Easy to use in downstream tasks.

• State-of-the-art methods are typically self-supervised and perform well:

• Competitive performance on large-scale benchmarks (e.g. ImageNet-1k)

• Improves performance on smaller benchmarks (e.g. CIFAR-10/100)

• Motivations or losses often are often information-theoretic
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Part II: 
Empirical and 
Geometrical Aspects
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Two Important Practical Details

• State-of-the-art methods use hyperspherical latent spaces (Davidson et al., 2018; Chen et al., 2020; Wang
& Isola, 2020)

• Neural collapse must be avoided

Sample 
x

Feature extractor 
fθ

Representation 
z(1)

Feature extractor 
fθ

Representation 
z(2)

t1

t2

Compare
z(1) ≈ z(2)
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Hyperspherical Latent Spaces
• Normalising representations is helpful empirically (Chen et al.,

2020; Wang & Isola, 2020), but the exact reason why is not
entirely clear.

• Two commonly cited factors:

1. Most networks output a probability or log-probability. Bounding
the output prevents overconfidence and overfitting (Wang et al.,
2017)

2. Linear predictors work well (Wang & Isola, 2020):
If you have tight clustering AND well-separated clusters, then
the clusters are linearly separable
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Neural Collapse

• Remember: we train to maximise    

• An unwanted solution is  (the representations collapse to one point)z = const.

Sample 
x

Feature extractor 
fθ

Representation 
z(1)

Feature extractor 
fθ

Representation 
z(2)

t1

t2

Compare
z(1) ≈ z(2)

Many differences between methods stem from the need to avoid collapse

<latexit sha1_base64="gssNueGxqLcu2dUferK7CzZ/vVs=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCC1KSUtRlwY3LCvYCbSyT6Wk7dDIJMxOhhm7d+CpuXCji1jdw59s4TbPQ1gMDH/9/DmfO70ecKe0439bK6tr6xmZuK7+9s7u3bx8cNlUYSwoNGvJQtn2igDMBDc00h3YkgQQ+h5Y/vpr5rXuQioXiVk8i8AIyFGzAKNFG6tm4y4kYcsAPd0nRLU3PUqiUprgrU6NnF5yykxZeBjeDAsqq3rO/uv2QxgEITTlRquM6kfYSIjWjHKb5bqwgInRMhtAxKEgAykvSS6b41Ch9PAileULjVP09kZBAqUngm86A6JFa9Gbif14n1oNLL2EiijUIOl80iDnWIZ7FgvtMAtV8YoBQycxfMR0RSag24eVNCO7iycvQrJTd83L1plqoVbI4cugYnaAictEFqqFrVEcNRNEjekav6M16sl6sd+tj3rpiZTNH6E9Znz84Upi5</latexit>

→z(1), z(2)↑
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Prototypical Learning Avoids Collapse
• Prototypical learning defines a class of methods using the idea:

i) Pick a codebook  of      prototypes
<latexit sha1_base64="8x+p4RkgMg1TrJ0Q0wZ6eWsKZcc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4L3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpb2zu7e+X9ysHh0fFJ9fSsp2WqCO0SyaUahFhTzgTtGmY4HSSK4jjktB/O2rnff6JKMykezTyhQYwngkWMYGMlfxhjMyWYZ+3FqFpz6+4SaJN4BalBgc6o+jUcS5LGVBjCsda+5yYmyLAyjHC6qAxTTRNMZnhCfUsFjqkOsmXkBbqyyhhFUtknDFqqvzcyHGs9j0M7mUfU614u/uf5qYnugoyJJDVUkNVHUcqRkSi/H42ZosTwuSWYKGazIjLFChNjW6rYErz1kzdJr1H3burNh2at1SjqKMMFXMI1eHALLbiHDnSBgIRneIU3xzgvzrvzsRotOcXOOfyB8/kDcXaRUg==</latexit>

C

ii) Around each prototype, define a prior 

iii) Regularise so that       

• Key component in self-supervised methods: SwAV (Caron et al., 2020), DINO-v2 (Oquab et al., 2024), 
DINO-v3 (Siméoni et al., 2025), and many more

• Key idea in supervised methods: hyperspherical prototypical learning (Mettes et al., 2019; Kasarla et al., 
2022)

<latexit sha1_base64="E6LW2JU+wCsD24DYZXlrAka4I0I=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7Jbinos9OJJKthWaJeSTbNtaDZZk2yhLP0dXjwo4tUf481/Y7bdg7YOBIaZ93iTCWLOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqxwBrypmgbcMMp4+xojgKOO0Gk2bmd6dUaSbFg5nF1I/wSLCQEWys5N8N+hE2Y4J52pwPyhW36i6A1omXkwrkaA3KX/2hJElEhSEca93z3Nj4KVaGEU7npX6iaYzJBI9oz1KBI6r9dBF6ji6sMkShVPYJgxbq740UR1rPosBOZhH1qpeJ/3m9xIQ3fspEnBgqyPJQmHBkJMoaQEOmKDF8ZgkmitmsiIyxwsTYnkq2BG/1y+ukU6t6V9X6fb3SqOV1FOEMzuESPLiGBtxCC9pA4Ame4RXenKnz4rw7H8vRgpPvnMIfOJ8/yWiSEw==</latexit>

NC
<latexit sha1_base64="86OEq5n9PCWFFtYteXEbejpTPQA="></latexit>

Pci|Z → exp(↑z, ci↓/ω)
<latexit sha1_base64="cBR8go02YUjOAvRahvOP95i0tOE=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSlKKuhEK3biSCvYBTQmT6aQdOpmEmYlQhqzd+CtuXCji1i9w5984abPQ1gMXDufcy733BAmjUjnOt7Wyura+sVnaKm/v7O7t2weHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk2budx+IkDTm92qakEGERpyGFCNlJN8+afka+zSD19ALBcLazfSt70VIjTFiupllvl1xqs4McJm4BamAAi3f/vKGMU4jwhVmSMq+6yRqoJFQFDOSlb1UkgThCRqRvqEcRUQO9OyVDJ4ZZQjDWJjiCs7U3xMaRVJOo8B05jfKRS8X//P6qQqvBpryJFWE4/miMGVQxTDPBQ6pIFixqSEIC2puhXiMTCLKpFc2IbiLLy+TTq3qXlTrd/VKo1bEUQLH4BScAxdcgga4AS3QBhg8gmfwCt6sJ+vFerc+5q0rVjFzBP7A+vwBBceadA==</latexit>

Pci =
1

NC

16

Each cluster is equally likely on average



Hyperspherical Prototypical Learning as an Analysis Framework

• Prototypical learning is

• A state-of-the-art method

• Amenable to analysis due to the prototypes

• In our work, we consider the supervised setting since:

• We know exactly how many prototypes are needed

• It is easy to relate clustering to performance

17



The Hyperspherical Prototypical Learning Framework

1. Prior to training, pick fixed hyperspherical prototypes 

2. Obtain a hyperspherical representation  

3. Perform a soft clustering through 

4. Classify through nearest-neighbour decoding: index of the closest prototype

z = fW(x)

̂y =

Encoder 
fW(X )

Clustering 
XY Z

Decoder 
QY∣C

C ̂Y
<latexit sha1_base64="8x+p4RkgMg1TrJ0Q0wZ6eWsKZcc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4L3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpb2zu7e+X9ysHh0fFJ9fSsp2WqCO0SyaUahFhTzgTtGmY4HSSK4jjktB/O2rnff6JKMykezTyhQYwngkWMYGMlfxhjMyWYZ+3FqFpz6+4SaJN4BalBgc6o+jUcS5LGVBjCsda+5yYmyLAyjHC6qAxTTRNMZnhCfUsFjqkOsmXkBbqyyhhFUtknDFqqvzcyHGs9j0M7mUfU614u/uf5qYnugoyJJDVUkNVHUcqRkSi/H42ZosTwuSWYKGazIjLFChNjW6rYErz1kzdJr1H3burNh2at1SjqKMMFXMI1eHALLbiHDnSBgIRneIU3xzgvzrvzsRotOcXOOfyB8/kDcXaRUg==</latexit>

C

<latexit sha1_base64="8x+p4RkgMg1TrJ0Q0wZ6eWsKZcc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4L3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpb2zu7e+X9ysHh0fFJ9fSsp2WqCO0SyaUahFhTzgTtGmY4HSSK4jjktB/O2rnff6JKMykezTyhQYwngkWMYGMlfxhjMyWYZ+3FqFpz6+4SaJN4BalBgc6o+jUcS5LGVBjCsda+5yYmyLAyjHC6qAxTTRNMZnhCfUsFjqkOsmXkBbqyyhhFUtknDFqqvzcyHGs9j0M7mUfU614u/uf5qYnugoyJJDVUkNVHUcqRkSi/H42ZosTwuSWYKGazIjLFChNjW6rYErz1kzdJr1H3burNh2at1SjqKMMFXMI1eHALLbiHDnSBgIRneIU3xzgvzrvzsRotOcXOOfyB8/kDcXaRUg==</latexit>

C

<latexit sha1_base64="B6DIVBoeNJzj2pLpbOudiYMuT+U="></latexit>

softmax(z, C) =
[

exp(→z, ci↑/ω)∑
j exp(→z, cj↑/ω)

]NC

i=1

18
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Picking Prototypes
• Assumption: we want maximally separated prototypes

• Intuition: channel coding; maximise SNR under a power constraint, …

Optimise the worst-case separation

Assumption: Larger prototype separation gives better linear separability 
between classes

<latexit sha1_base64="exek6N1m5PkMmob1hkICWhHbSy0="></latexit>

(P ) min
C

max
i→=j

→ci, cj↑

19



Solving (P)
• A closer look at (P)

• Unfortunately, (P) is unsolved even in … (Conway & Sloane, 1999; Musin & Tarasov, 2015)
<latexit sha1_base64="sWbmE+xZTQ3pwly3SjsnflSMynQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiS1qMuCG5dV7AOaWCbTSTt0MgkzE6GE/oYbF4q49Wfc+TdO0iy09cDA4Zx7uWeOH3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVVEiCe2QiEey72NFORO0o5nmtB9LikOf054/vcn83hOVikXiQc9i6oV4LFjACNZGct0Q64nvp/fzx4thtWbX7RxolTgFqUGB9rD65Y4ikoRUaMKxUgPHjrWXYqkZ4XRecRNFY0ymeEwHhgocUuWleeY5OjPKCAWRNE9olKu/N1IcKjULfTOZZVTLXib+5w0SHVx7KRNxoqkgi0NBwpGOUFYAGjFJieYzQzCRzGRFZIIlJtrUVDElOMtfXiXdRt25rDfvmrVWo6ijDCdwCufgwBW04Bba0AECMTzDK7xZifVivVsfi9GSVewcwx9Ynz/pxJGQ</latexit>

R3

• Two approximate solutions (Mettes et al., 2019; Kasarla et al., 2022)
<latexit sha1_base64="2ArRvl6ZiKqzKjQPv2wFlgAfsfI="></latexit>

(PMettes) min
C

1

NC

NC∑

i=1

max
j

Mi,j ,

s.t. M = CTC → 2I,

↑ci↑ = 1

<latexit sha1_base64="zBjDHB9U8uLubVFZj9xufjjit+U="></latexit>

(PKasarla) min
C

a,

s.t. →ci, cj↑ = a, ↓i ↔= j.

Avoid selecting ⟨ci, ci⟩ = 1Average worst case?
Restrict to constant 
pair-wise separation

<latexit sha1_base64="exek6N1m5PkMmob1hkICWhHbSy0="></latexit>

(P ) min
C

max
i→=j

→ci, cj↑

20



Open Problems
• Prototypical learning is a key component of many state-of-the-art methods

• How do we pick the prototypes? 

• Can we solve (P), or if not, get good approximate solutions? 

• Are the state-of-the-art solutions good?

• What is the connection between separation and downstream performance? 

• Is “better prototype separation  better linear separability” true?⇒

<latexit sha1_base64="exek6N1m5PkMmob1hkICWhHbSy0="></latexit>

(P ) min
C

max
i→=j

→ci, cj↑

21



Part III: 
Our Contributions
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Warmup: A Convex Relaxation to (P)
• Recall the non-convex and combinatorial problem (P)

• Recall the log-sum-exp approximation:

• This gives a relaxed, tractable problem (solvable by projected gradient descent)

<latexit sha1_base64="avjJHG4vmvhh4tMQNL+h4y/NX+U="></latexit>

max
i

xi →
1

t
log

(
n∑

i=1

exp(txi)

)
→ max

i
xi +

log n

t
, for any t > 0

<latexit sha1_base64="gMkJg+sJDEGiSw1KkKtNUpWRrdQ="></latexit>

(PLSE) min
C

1

t
log

∑

i→=j

exp(t→ci, cj↑)

<latexit sha1_base64="exek6N1m5PkMmob1hkICWhHbSy0="></latexit>

(P ) min
C

max
i→=j

→ci, cj↑
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Coding-Theoretic Relaxation
• Consider the transformation                          and create prototypes through 

• Then            and 

• Moreover, if              and               for  

<latexit sha1_base64="5l2AhYRVbwDue8Icl9R4r8Af6qA=">AAACEXicbVDLSgMxFM34rPU16tJNsAhdaJkpRcVVwY3LivYBnbFk0rQNTTJDkhHKML/gxl9x40IRt+7c+Tdm2llo64HA4Zx7yT0niBhV2nG+raXlldW19cJGcXNre2fX3ttvqTCWmDRxyELZCZAijArS1FQz0okkQTxgpB2MrzK//UCkoqG405OI+BwNBR1QjLSRenbZGyLO0SX0EufE9dL7RKTQ0yH0ONKjIEhuM+nUTXt2yak4U8BF4uakBHI0evaX1w9xzInQmCGluq4TaT9BUlPMSFr0YkUihMdoSLqGCsSJ8pNpohQeG6UPB6E0T2g4VX9vJIgrNeGBmczuVPNeJv7ndWM9uPATKqJYE4FnHw1iBk3irB7Yp5JgzSaGICypuRXiEZIIa1Ni0ZTgzkdeJK1qxT2r1G5qpXo1r6MADsERKAMXnIM6uAYN0AQYPIJn8ArerCfrxXq3PmajS1a+cwD+wPr8AUQgnKQ=</latexit>

ω : {0, 1}n → Sn→1

<latexit sha1_base64="Ty47Czu/yOuj4FLTShFStIIL5yQ=">AAACE3icbVDLSgMxFM3UV62vqks3wSK0gnWmFBVBKLhxWcE+oDOUTJppQ5PMmGSEMsw/uPFX3LhQxK0bd/6N6WOhrQcunJxzL7n3+BGjStv2t5VZWl5ZXcuu5zY2t7Z38rt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT84fXYbz0QqWgo7vQoIh5HfUEDipE2Ujd/jOEVdPuIc1T0S/DSPAKJcFIp+ifOaaWUJq66lzoRadrNF+yyPQFcJM6MFMAM9W7+y+2FOOZEaMyQUh3HjrSXIKkpZiTNubEiEcJD1CcdQwXiRHnJ5KYUHhmlB4NQmhIaTtTfEwniSo24bzo50gM1743F/7xOrIMLL6EiijURePpREDOoQzgOCPaoJFizkSEIS2p2hXiATCbaxJgzITjzJy+SZqXsnJWrt9VCrTKLIwsOwCEoAgecgxq4AXXQABg8gmfwCt6sJ+vFerc+pq0ZazazD/7A+vwBdD2cCQ==</latexit>

c = ω(b) :=
2(b→ 1/2)↑

n

r = 1

γ

<latexit sha1_base64="svtyEoH4WNEN/u3FXCAsmL8UyM0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9hWaJeSTbNtaDa7JLNCWfszvHhQxKu/xpv/xrTdg7Y+SHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DZxqhlvsVjG+iGghkuheAsFSv6QaE6jQPJOML6Z+Z1Hro2I1T1OEu5HdKhEKBhFK3V7T4QR+10Tr1+uuFV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl85Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/8TKgkRa7YYlCYSoIxmd1PBkJzhnJiCWVa2F0JG1FNGdqUSjYEb/nkVdKuVb2Lav2uXmnU8jiKcAKncA4eXEIDbqEJLWAQwzO8wpuDzovz7nwsSgtO3nMMf+B8/gA+to/i</latexit>

→c→ = 1
<latexit sha1_base64="2DuyEfHL/UlAiOxDYiM83eZ//kM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpqDUpRV0W3LisYB/QhDKZTtqhk0mcmQgl5A/c+CtuXCji1q07/8ZpG1BbD1w4c869zL3HixiVyrK+jNzC4tLySn61sLa+sbllbu80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNr8Z+654ISUN+q0YRcQPU59SnGCktdc1DXBoeQYdy6CSn9pkj74RKeHoCj38e0Em7ZtEqWxPAeWJnpAgy1Lvmp9MLcRwQrjBDUnZsK1JugoSimJG04MSSRAgPUZ90NOUoINJNJvek8EArPeiHQhdXcKL+nkhQIOUo8HRngNRAznpj8T+vEyv/0k0oj2JFOJ5+5McMqhCOw4E9KghWbKQJwoLqXSEeIIGw0hEWdAj27MnzpFkp2+fl6k21WKtkceTBHtgHJWCDC1AD16AOGgCDB/AEXsCr8Wg8G2/G+7Q1Z2Qzu+APjI9vZX6a/g==</latexit>

c(k) → {↑1/
↓
n,+1/

↓
n}

<latexit sha1_base64="oOuslv3VppykC0DFurh9yPBUhzQ="></latexit>

→ci, cj↑ = 1↓ 2dH(bi, bj)

n
↔ 1↓ 2dmin

n

For a binary codebook with  dH(bi, bj) ≥ dmin

<latexit sha1_base64="18AV3ogztSW4nqjqBZE0YGSUMDw=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZSkFPUiFLx4rGBboQ1hst20S3eTsLtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X0AinIW0bZmmtP7RFIQAafdYHw987sPVCoWR3d6klBPwDBiISOgjeTbZeIzfIX7QxACqoHPzny74tScOfAqcXNSQTlavv3VH8QkFTTShINSPddJtJeB1IxwOi31U0UTIGMY0p6hEQiqvGx++hSfGmWAw1iaijSeq78nMhBKTURgOgXokVr2ZuJ/Xi/V4aWXsShJNY3IYlGYcqxjPMsBD5ikRPOJIUAkM7diMgIJRJu0SiYEd/nlVdKp19zzWuO2UWnW8ziK6BidoCpy0QVqohvUQm1E0CN6Rq/ozXqyXqx362PRWrDymSP0B9bnD3s8ktA=</latexit>

ci = ω(bi)
<latexit sha1_base64="pqD+O9/Jm60duEyawcM0iU+8i9c=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiSlqBuh4MZlBfuANoSb6aSddiYJMxOlxH6KGxeKuPVL3Pk3Th8LbT1w4XDOvdx7T5BwprTjfFtr6xubW9u5nfzu3v7BoV04aqo4lYQ2SMxj2Q5AUc4i2tBMc9pOJAURcNoKRjdTv/VApWJxdK/HCfUE9CMWMgLaSL5dIP4QX+NuH4SAUuAPz3276JSdGfAqcRekiBao+/ZXtxeTVNBIEw5KdVwn0V4GUjPC6STfTRVNgIygTzuGRiCo8rLZ6RN8ZpQeDmNpKtJ4pv6eyEAoNRaB6RSgB2rZm4r/eZ1Uh1dexqIk1TQi80VhyrGO8TQH3GOSEs3HhgCRzNyKyQAkEG3SypsQ3OWXV0mzUnYvytW7arFWWcSRQyfoFJWQiy5RDd2iOmoggh7RM3pFb9aT9WK9Wx/z1jVrMXOM/sD6/AF+U5LS</latexit>

cj = ω(bj)
<latexit sha1_base64="x8E5wdGrsBwro57BkpHawpF36f8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lKUY8FLx4r2A9IQ9hsN+3azW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dkobm1vbO+Xdyt7+weFR9fika1SmKetQJZTuR8QwwSXrAAfB+qlmJIkE60WT27nfe2LacCUfYJqyICEjyWNOCVjJj0KOB5LhKHwMqzW37i6A14lXkBoq0A6rX4OholnCJFBBjPE9N4UgJxo4FWxWGWSGpYROyIj5lkqSMBPki5Nn+MIqQxwrbUsCXqi/J3KSGDNNItuZEBibVW8u/uf5GcQ3Qc5lmgGTdLkozgQGhef/4yHXjIKYWkKo5vZWTMdEEwo2pYoNwVt9eZ10G3Xvqt68b9ZajSKOMjpD5+gSeegatdAdaqMOokihZ/SK3hxwXpx352PZWnKKmVP0B87nD2fqkKU=</latexit>

bi →= bj

24



Good Codebooks
• We have an unusual setting:

• Often very low rates:  

• Small block lengths

• Decoding complexity is negligible

• The aim is not achieving capacity, but a large

• Therefore we consider

• BCH codes: known to be good at low block lengths (MacWilliams & Sloane, 1977)

• Reed-Muller (RM) codes: good at low rates (Abbe et al., 2021)

<latexit sha1_base64="IKt+RHRjyR9lUk4y+8INF29oUuE=">AAACJ3icbVDLSgMxFM34rPVVdekmWARXZUZEXUmhG1dSi31Ap5Q7aaYNZpIhyahlmL9x46+4EVREl/6J6QPR6oHA4Zx7uTkniDnTxnU/nLn5hcWl5dxKfnVtfWOzsLXd0DJRhNaJ5FK1AtCUM0HrhhlOW7GiEAWcNoPryshv3lClmRRXZhjTTgR9wUJGwFipWzi76PoRmAEBnlYy7EMcK3mHBfZrrD8woJS8xbVv3Q8VkNTnso9FloqsWyi6JXcM/Jd4U1JEU1S7hWe/J0kSUWEIB63bnhubTgrKMMJplvcTTWMg19CnbUsFRFR30nHODO9bpYdDqewTBo/VnxspRFoPo8BOjjLpWW8k/ue1ExOedlIm4sRQQSaHwoRjI/GoNNxjihLDh5YAUcz+FZMB2CqMrTZvS/BmI/8ljcOSd1w6ujwqlg+ndeTQLtpDB8hDJ6iMzlEV1RFB9+gRvaBX58F5ct6c98nonDPd2UG/4Hx+AQQHpqE=</latexit>

NC → n ↑ R → log n

n

<latexit sha1_base64="C5Z/k5h2dF7weadCtD+2vHZooSs=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXBjcsK9gHtWDKZTBuaZIYko5Sh/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJEs60cd1vZ219Y3Nru7RT3t3bPzisHB13dJwqQtsk5rHqBVhTziRtG2Y47SWKYhFw2g0mN7nffaRKs1jem2lCfYFHkkWMYGOlh3A4ENiMlcgEk7NhperW3DnQKvEKUoUCrWHlaxDGJBVUGsKx1n3PTYyfYWUY4XRWHqSaJphM8Ij2LZVYUO1n89QzdG6VEEWxsk8aNFd/b2RYaD0VgZ3MM+plLxf/8/qpia79jMkkNVSSxaEo5cjEKK8AhUxRYvjUEkwUs1kRGWOFibFFlW0J3vKXV0mnXvMua427RrVZL+oowSmcwQV4cAVNuIUWtIGAgmd4hTfnyXlx3p2PxeiaU+ycwB84nz8hu5Lj</latexit>

dmin
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Full Characterisation of Solutions to (P)
• The Rankin bound from spherical coding theory states that

• Main theoretical results (Theorem 7): a tight characterisation of solutions to (P)

<latexit sha1_base64="zwQJSXm/D+aRlfK6rwO/n+WyxKQ="></latexit>

max
i→=j

→ci, cj↑ ↓
↔1

NC ↔ 1

From the Gilbert-Varshamov 
bound: there are good binary codes 

For moderate problem sizes (            ) 
this is close to 0 (worst-case angle            ) 

In low dimension           , worst-case similarity 0 is 
achievable (worst-case angle ) (next slide)90∘

<latexit sha1_base64="93HU8Pl8heUsO4kvDMlwSv1Swqg=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gEVyGJte2y0I0rqWAf0IQwmU7aoZMHMxOhhOLGX3HjQhG3foU7/8ZJG0FFDwwczjmXuff4CaNCmuaHVlpZXVvfKG9WtrZ3dvf0/YOeiFOOSRfHLOYDHwnCaES6kkpGBgknKPQZ6fvTdu73bwkXNI5u5CwhbojGEQ0oRlJJnn505TkhkhOMWNaeQ2csVTaElml6etU0zAWgadiNZu3cUuSi3qzbDWgVVhUU6Hj6uzOKcRqSSGKGhBhaZiLdDHFJMSPzipMKkiA8RWMyVDRCIRFutjhhDk+VMoJBzNWLJFyo3ycyFAoxC32VzNcVv71c/MsbpjJouhmNklSSCC8/ClIGZQzzPuCIcoIlmymCMKdqV4gniCMsVWsVVcLXpfB/0rMNq27UrmvVll3UUQbH4AScAQs0QAtcgg7oAgzuwAN4As/avfaovWivy2hJK2YOwQ9ob59bGpa6</latexit>

NC ↭ 100
<latexit sha1_base64="+bjcN7qggMUy9gqdiqmYzYGYiNE=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5DUPuKu4MZlBfuAJpbJdNIOnUzCzESooV/ixoUibv0Ud/6N0zaCih64cDjnXu69J0gYlcq2P4zC2vrG5lZxu7Szu7dfNg8OuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILppcLv3dHhKQxv1GzhPgRGnMaUoyUloZm2WMEXthW3b31MBV4aFZsy14C2la16dbOHU3qDbdRbUIntyogR3tovnujGKcR4QozJOXAsRPlZ0goihmZl7xUkgThKRqTgaYcRUT62fLwOTzVygiGsdDFFVyq3ycyFEk5iwLdGSE1kb+9hfiXN0hV6PoZ5UmqCMerRWHKoIrhIgU4ooJgxWaaICyovhXiCRIIK51VSYfw9Sn8n3SrltOwate1Squax1EEx+AEnAEHNEELXIE26AAMUvAAnsCzcW88Gi/G66q1YOQzR+AHjLdPM06SIQ==</latexit>

→ 90.58→

<latexit sha1_base64="iZarBHVxuPxkpS/l/B5WCuBjbZY=">AAACCnicdVDLSsNAFJ34rPUVdelmtAiuShJr22WhG1dSwT6gCWEynbRDJ5MwMxFLyNqNv+LGhSJu/QJ3/o3Th6CiBy4czrmXe+8JEkalsqwPY2l5ZXVtvbBR3Nza3tk19/Y7Mk4FJm0cs1j0AiQJo5y0FVWM9BJBUBQw0g3GzanfvSFC0phfq0lCvAgNOQ0pRkpLvnnEoYuSRMS30A0Fwtml70ZIjTBiWTPPMyf3zZJVtmaAVtmp1Stntibn1XrVqUF7YZXAAi3ffHcHMU4jwhVmSMq+bSXKy5BQFDOSF91UkgThMRqSvqYcRUR62eyVHJ5oZQDDWOjiCs7U7xMZiqScRIHunJ4pf3tT8S+vn6qw7mWUJ6kiHM8XhSmDKobTXOCACoIVm2iCsKD6VohHSCeidHpFHcLXp/B/0nHKdrVcuaqUGs4ijgI4BMfgFNigBhrgArRAG2BwBx7AE3g27o1H48V4nbcuGYuZA/ADxtsn5DabBQ==</latexit>

n → NC
2

<latexit sha1_base64="6YQI5sjDmmkhGmBG1Bhzh0e+Sn0="></latexit>

→1

NC → 1
↑ max

i→=j
↓ci, cj↔ ↑ 1→ dGV

n
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Orthogonal prototypes are achievable in low dimension,  
and there exist no set of prototypes much better than orthogonal!



Numerical Examples on Solutions to (P)
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Connecting Separation to Performance
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Better separation does not give better performance!



Relabelling is Important: Empirical Motivation
• There is an underlying assumption about the decoder:  is decoded to z ≈ ci ̂y = i

• This gives unwanted behaviour in certain settings, for example CIFAR-100 with RM codes

• CIFAR-100 is ordered alphabetically, for instance

• RM codes makes sequential prototypes
diametrically opposed, 

CIFAR-100: 
… 
Class 42: leopard 
Class 43: lion 
…

<latexit sha1_base64="X+BkOOH5AH9ETYs+gb8ks6d8jLE=">AAACC3icbVDLSgMxFL1TX7W+qi7dhBZBUMtMKepGKLhxWcE+oDMMmTRtQzOZIckIZejejb/ixoUibv0Bd/6NaTsLbT1wL4dz7iW5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKkokYQ2ScQj2QmwopwJ2tRMc9qJJcVhwGk7GN1M/fYDlYpF4l6PY+qFeCBYnxGsjeQXSy7HYsApIj47My1lp84EuXIuomt07vjFsl2xZ0DLxMlIGTI0/OKX24tIElKhCcdKdR071l6KpWaE00nBTRSNMRnhAe0aKnBIlZfObpmgY6P0UD+SpoRGM/X3RopDpcZhYCZDrIdq0ZuK/3ndRPevvJSJONFUkPlD/YQjHaFpMKjHJCWajw3BRDLzV0SGWGKiTXwFE4KzePIyaVUrzkWldlcr16tZHHk4ghKcgAOXUIdbaEATCDzCM7zCm/VkvVjv1sd8NGdlO4fwB9bnD5v/mM0=</latexit>

→ci, ci+1↑ = ↓1

leopard lion

pickup_truck

Input data structure is not preserved!
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Relabelling is Important: Theoretical Motivation

• A theoretical motivation in three steps:

1. A large mutual information  is necessary for good classification accuracy 

2. Our cross-entropy-based loss optimises mutual information

3. However, mutual information is invariant to shifts and relabellings

I(Z; Y )

Encoder 
fW(X )

Clustering 
XY Z

Decoder 
QY∣C

C ̂Y
<latexit sha1_base64="8x+p4RkgMg1TrJ0Q0wZ6eWsKZcc=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4L3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpb2zu7e+X9ysHh0fFJ9fSsp2WqCO0SyaUahFhTzgTtGmY4HSSK4jjktB/O2rnff6JKMykezTyhQYwngkWMYGMlfxhjMyWYZ+3FqFpz6+4SaJN4BalBgc6o+jUcS5LGVBjCsda+5yYmyLAyjHC6qAxTTRNMZnhCfUsFjqkOsmXkBbqyyhhFUtknDFqqvzcyHGs9j0M7mUfU614u/uf5qYnugoyJJDVUkNVHUcqRkSi/H42ZosTwuSWYKGazIjLFChNjW6rYErz1kzdJr1H3burNh2at1SjqKMMFXMI1eHALLbiHDnSBgIRneIU3xzgvzrvzsRotOcXOOfyB8/kDcXaRUg==</latexit>

C
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The decoder needs to be optimised separately!



Improvements Through Relabelling
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You can compensate poor separation with a trainable relabelling!



Scaling Up to ImageNet
• We now have to pick between  permutations1000!
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For large problem sizes, good relabellings are hard to find



Conclusion
• We have analysed hyperspherical clustering, a key component in many methods

• Our contributions include

• A full characterisation of the optimal hyperspherical prototypes, and efficient algorithms that achieve
near-optimal separation in practice

• Empirical and theoretical motivations why separation is not enough

• Performance evaluations on CIFAR-100 and ImageNet which show that separation has a surprisingly
small impact on performance
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