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Transmission of Short Packets

• Internet of Things
• Machine-to-machine
communications

• tactile Internet
• ...

Short packets because...

Ô reduced latency (latency ∝ packet length × baud rate)
Ô efficient bandwidth usage

Ô energy efficiency

G. Durisi, T. Koch, P. Popovski, “Towards massive, ultrareliable, and low-latency wireless communication with short packets,” Proc.
IEEE, Sep. 2016.
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IT Contributions to Wireless Communications

Traditionally, capacity / outage capacity of fading channels

Capacity of coherent MIMO fading channels
E. Telatar, “Capacity of multi-antenna Gaussian channels,” Transactions on Emerging Telecommunications Technolo-
gies, November 1999.

Capacity of noncoherent MIMO fading channels
T. L. Marzetta and B. M. Hochwald, “Capacity of a mobile multiple-antenna communication link in Rayleigh flat fad-
ing,” IEEE Transactions on Information Theory, January 1999.

L. Zheng and D. N. C. Tse, “Communication on the Grassmann manifold: A geometric approach to the noncoherent
multiple-antenna channels,” IEEE Transactions on Information Theory, February 2002.

Capacity versus outage
L. Ozarow, S. Shamai, and A. Wyner, “Information theoretic considerations for cellular mobile radio,” IEEE Transac-
tions on Vehicular Technology, May 1994.

G. Caire, G. Taricco, and E. Biglieri, “Optimumpower control over fading channels,” IEEE Transactions on Information
Theory, July 1999.

...
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Capacity vs. Short Packets

Channel 
Encoder

Channel 
Decoder

X1, . . . , Xn
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Channel

Channel capacity C : largest rate R such that Pe → 0 as n →∞
Ô requires the transmission of long packets

Ô not necessarily a good benchmark for short-packet communications

Maximum coding rate R∗(n, ε): Largest rate R for which there exists a channel code of
blocklength n such that Pe 6 ε

Ô R∗(n, ε)→ C as n →∞
Ô behavior of n 7→ R∗(n, ε) relevant for short-packet communications
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Finite-Blocklength Information Theory

Nonasymptotic behavior of R∗(n, ε)
Estimate R∗(n, ε) by means of bounds:
• Lower bounds: dependence-testing bound (PPV10), RCUs bound (MGiF11)

• Upper bound: meta-converse bound (PPV10)

Asymptotic behavior of R∗(n, ε)
• Error exponents:

P∗
e (n,R) = e−nEr (R)+o(n) (Er(R): reliability function)

• Normal approximation (Strassen’62, Hayashi’09, PPV10):

R∗(n, ε) = C −

√
V
n

Q−1(ε) + O

(
log n

n

)
(V : channel dispersion)

Y. Polyanskiy, H.V. Poor, S. Verdú, “Channel coding rate in the finite blocklength regime,” IEEE Trans. Inf. Theory, May 2010.

A. Martinez, A. Guillén i Fàbregas, “Saddlepoint approximation of random-coding bounds,” in Proc. Inf. Theory and Appl. Workshop
(ITA), Feb. 2011.
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Normal Approximation as Benchmark

(Screenshot: medium.com/5g-nr → Ultra-Reliable Low-Latency Communication (URLLC))
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NA in the Analysis of Communication Protocols

Example: Framed ALOHA protocol

• d devices, each sending k bits to base station
• n channel uses divided into s slots of ns = n/s channel uses
• each device picks randomly a slot to send its packet

I if > 2 devices pick the same slot, then all packets are lost
I if only one device picks a slot, then packet is lost with probability

ε∗(k,ns) ≈ Q
(

nsC − k+ (log ns)/2√
nsV

)
Base 

Station 

node 2 

node 3 

node 1 

How to choose s to maximize prob. of successful transmission?

G. Durisi, T. Koch, P. Popovski, “Towards massive, ultrareliable, and low-latency wireless communication with short packets,” Proc.
IEEE, Sep. 2016.
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Finite-Blocklength Wireless Communications

Channel 
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Channel

• R∗(n, ε) depends critically on assumed channel model
• most results derived for AWGN channel or DMCs

• these channels do not capture:
I coherence time/bandwidth

I channel estimation overhead

I number of transmit/receive antennas

I tradeoff between diversity and multiplexing

Ô need FBL information theory for wireless communication channels
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Rayleigh Block-Fading Channel

T

n = TL
Tx Rx
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Hk
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<latexit sha1_base64="lTlQWumx1kSMHz7epbWOlj23C8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ7UoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk/ZV1atVa/fXlYabx1GEMziHS/CgDg24gya0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD10gjdA=</latexit>nr

Yk = Hkxk + Wk, k ∈ Z

• {Hk} blockwise IID,Hk ∼ NC(0, Inr×nt ) (Rayleigh fading)

• {Wk} ∼ IID NC(0, Inr )

• nt transmit antennas, nr receive antennas

• T : coherence interval
• L: number of time-frequency branches
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Channel State Information (CSI): Coherent vs. Noncoherent Settings

T

n = TL
Tx Rx
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Yk = Hkxk + Wk, k ∈ Z

• CSI@Tx: {Hk} available at transmitter

I requires feedback

I may be unrealistic in high-mobility scenarios or time-critical applications

• CSI@Rx: {Hk} available at receiver

I ignores the cost of obtaining CSI

I lack of CSI@Rx does not preclude channel estimation
Ô pilot-aided channel estimation one possible coding scheme
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Maximum coding rate R∗(L,T , ε, ρ)

Channel 
Encoder

Channel 
Decoder

X1, . . . , Xn
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B̂1, . . . , B̂K
<latexit sha1_base64="9BGeK7866IrfBnqWONLWtO04+1g=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KCWpgi5L3QhuKtgHNCFMppN26OTBzI1QQsGNv+LGhSJu/Ql3/o3TNoK2HrhwOOde7r3HTwRXYFlfxtLyyuraemGjuLm1vbNr7u23VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vaHVxO/fc+k4nF0B6OEuSHpRzzglICWPPPQGRDI6mPPLjuiF4Mq/wg3nlmyKtYUeJHYOSmhHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNi06qWELokPRZV9OIhEy52fSHMT7RSg8HsdQVAZ6qvycyEio1Cn3dGRIYqHlvIv7ndVMILt2MR0kKLKKzRUEqMMR4EgjucckoiJEmhEqub8V0QCShoGMr6hDs+ZcXSatasc8q1dvzUq2ex1FAR+gYnSIbXaAaukYN1EQUPaAn9IJejUfj2Xgz3metS0Y+c4D+wPj4Bn/Zl20=</latexit>

Channel

Per-block power constraint:

T∑
`=1
‖XjT+`‖2 6 Tρ, ∀j

Error probability:

max
bK∈{0,1}K

Pr
(
B̂K 6= BK ∣∣ BK = bK) 6 ε

or

Pr
(
B̂K 6= BK)6 ε

Rate: R , K
LT

Maximum coding rate:

R∗(L,T , ε, ρ) =

 largest rate R for which there exists
an encoder and decoder satisfying
the power and error prob. constraints


©Tobias Koch (UC3M) 12 / 42



Finite-Blocklength Wireless Communications

Nonasymptotic behavior of R∗(L,T , ε, ρ)
Estimate R∗(L,T , ε, ρ) by means of bounds:
4 very accurate

8 must be evaluated numerically (time consuming, not in closed form)

Saddlepoint approximations of R∗(L,T , ε, ρ)
4 almost as accurate as bounds

8 must be evaluated numerically (not in closed form)

4 can be computed more efficiently

Asymptotic behavior of R∗(L,T , ε, ρ)
Estimate R∗(L,T , ε, ρ) by means of asymptotic expansions (normal approximations,...):
4 available in closed form

8 only accurate in certain regimes

©Tobias Koch (UC3M) 13 / 42



Bounds on R∗(L,T , ε, ρ) (1)

FBL bounds for noncoherent MIMO Rayleigh fading (DKOPY16):

• DT lower bound

R∗(L,T , ε, ρ) > max
{

K
TL

: min
16ñt6nt

E

[
e−
(∑L

`=1 S`,ñt (Z`)−log(eK−1)
)
+

]
6 ε

}
• MC upper bound

R∗(L,T , ε, ρ) 6 min
16ñt6nt

sup
Σ`

1
n

(
γ− log

(
Pr

( L∑
`=1

S̄`,ñt (Σ`,Z`) 6 γ

)
− ε

))

Ô S`,ñt (Z`), S̄`,ñt (Σ`,Z`): depend on T × nr random matrix Z` with i.i.d.NC(0, 1) entries

Ô difficult to analyze but can be computed using Monte Carlo integration

G. Durisi, T. Koch, J. Östman, Y. Polyanskiy,W. Yang, “Short-packet communications over multiple-antenna Rayleigh-fading channels,”
IEEE Trans. Commun., Feb. 2016.
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Bounds on R∗(L,T , ε, ρ) (2)
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Normal Approximation: Quasistatic Fading

Quasistatic fading: Fix L and let T →∞
T

n = TL

Normal approximation for quasistatic fading (YDKP14):

R∗(L,T , ε, ρ) = Cε(ρ) + OT

(
log T

T

)

Ô Cε(ρ): outage capacity

Ô holds irrespective of availability of CSI

Ô fast convergence to outage capacity
W. Yang, G. Durisi,T. Koch, Y. Polyanskiy, “Quasi-static multiple-antenna fading channels at finite blocklength,” IEEE Trans. Inf. Theory,
Jul. 2014.
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Normal Approximation: Ergodic Fading & CSI@Rx

Ergodic fading: Fix T and let L→∞
T

n = TL

Normal approximation for ergodic fading & CSI@Rx (CP14):

R∗(L,T , ε, ρ) = E

[
log det

(
I+

ρ

nt
H`HH

`

)]
−

√
Vc(ρ)

L
Q−1(ε) + oL (L)

Ô Vc(ρ): channel dispersion

Ô at high SNR: Vc(ρ) ≈
nt

T
+ Var

[
log det

(
H`HH

`

)]
A. Collins and Y. Polyanskiy, “Coherent multiple-antenna block-fading channels at finite blocklength,” IEEE Trans. Inf. Theory, Jan.
2019.
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Ergodic Fading: The Noncoherent Case

Without CSI@Tx & CSI@Rx, obtaining a normal approximation is difficult!

Standard strategy to obtain normal approximations:

1. Evaluate nonasymptotic achievability bound (RCU, DT, κ-β, ...) for capacity-achieving
input/output distribution.

2. Evaluate nonasymptotic converse bound (meta converse) for capacity-achieving output
distribution.

3. Perform asymptotic analysis as n →∞.

Problem: Capacity-achieving input/output distribution is unknown

However: capacity at high-SNR is well understood

Ô unitary space-time modulation (USTM)

Ô high-SNR normal approximation feasible

©Tobias Koch (UC3M) 18 / 42



Unitary Space-Time Modulation (USTM)

• Xj =

 ← X(j−1)T+1 →
...

← X(j−1)T+T →

 T

n = TL
• X1, . . . ,XL are IID

• Xj =
√

TρUj → Uj : isotropically-distributed unitary matrix

Theorem (HM00, ZT02):

When T > nt + nr , the rate RUSTM achievable with USTM satisfies

lim
ρ→∞

{
C(ρ) − RUSTM(ρ)

}
= 0.

B. M. Hochwald and T. L. Marzetta, “Unitary space-time modulation for multiple-antenna communications in Rayleigh flat fading,”
IEEE Transactions on Information Theory, March 2000.
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A High-SNR Normal Approximation for MIMO Fading

Ergodic fading: Fix T and let L→∞
High-SNR normal approximation for ergodic fading (QK26):

Assume that T > nr + nt and nr > nt . Then,

R∗(L,T , ε, ρ) = RUSTM(ρ) + oρ(1) −
√

V + oρ(1)
L

Q−1(ε) + OL

(
log L

L

)
where

RUSTM(ρ) = nt

(
1 −

nt

T

)
log Tρ

nte
+
(

1 −
nt

T

)
E
[
log det

(
H`HH

`

)]
+

1
T

log Γnt (nt)

Γnt (T)

V =
nt

T

(
1 −

nt

T

)
+
(

1 −
nt

T

)2
Var
[
log det

(
H`HH

`

)]
oρ(1): terms that vanish as ρ→ ∞,OL(log L/L) : terms of order log L/L

C. Qi and T. Koch, “On noncoherent multiple-antenna Rayleigh block-fading channels at finite blocklength,” IEEE Transactions on
Information Theory, March 2026.
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Coherent vs. Noncoherent Fading Channels

High-SNR normal approximations for Rayleigh block-fading:

R∗(L,T , ε, ρ) ≈ C{c,nc}(ρ) −

√
V{c,nc}(ρ)

L
Q−1(ε)

noncoherent setting (no CSI)

Cnc(ρ) ≈ nt

(
1 −

nt

T

)
log ρ

nt
+
(

1 −
nt

T

)
E
[
log det

(
H`HH

`

)]
+ K(T ,nt)

Vnc(ρ) =
nt

T

(
1 −

nt

T

)
+
(

1 −
nt

T

)2
Var
[
log det

(
H`HH

`

)]

coherent setting (CSI@Rx)

Cc(ρ) ≈ nt log ρ

nt
+ E

[
log det

(
H`HH

`

)]

Vc(ρ) ≈
nt

T
+ Var

[
log det

(
H`HH

`

)]
Heuristic:

Ô pre-log term of Cnc(ρ) and channel dispersion Vnc(ρ):
I use coherent channel (T − nt) times per coherence interval

Ô transmit one pilot symbol per coherence interval and transmit antenna
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Numerical Results: L 7→ R∗(L,T , ε, ρ)
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Numerical Results: ρ 7→ R∗(L,T , ε, ρ)
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Numerical Results: n = LT Fixed
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Numerical Results: ε 7→ R∗(L,T , ε, ρ)
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Diversity vs. Multiplexing at Finite Blocklength (1)

• Spatial multiplexing:
I use antennas to increase rate for a given prob. of error

• Spatial diversity:
I use antennas to decrease prob. of error for a given rate

• “Modern systems use multiplexing only” (LJ10)
I abundant time- and frequency-selectivity available

I spatial diversity is superfluous

I based on outage capacity (relevant if n →∞)

Tx Rx

<latexit sha1_base64="DVHVnOEhbJmB0lOk5evfA+WrBu8=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLz1WsLXQhLLZvrZLN5uwuxFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udMBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMSqF1KNgkvsGG4E9hKFNAoFPobTu9x/fEKleSwfzCzBIKJjyUecUWMl34+omYRh1poPpoNqza27C5B14hWkBgXag+qXP4xZGqE0TFCt+56bmCCjynAmcF7xU40JZVM6xr6lkkaog2yReU4urDIko1jZJw1ZqL83MhppPYtCO5ln1KteLv7n9VMzug0yLpPUoGTLQ6NUEBOTvAAy5AqZETNLKFPcZiVsQhVlxtZUsSV4q19eJ92ruteoN+6va023qKMMZ3AOl+DBDTShBW3oAIMEnuEV3pzUeXHenY/laMkpdk7hD5zPHzD8kb8=</latexit>

Hk

<latexit sha1_base64="u9wN96pwyAuHyhRs4LUnwyYsAJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2qAg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxanzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxvPEzoZIUuWLLRWEqCcZk/jcZCs0ZyqkllGlhbyVsTDVlaNMp2RC81ZfXSfuq6tWqtfvrSsPN4yjCGZzDJXhQhwbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB2AojdI=</latexit>nt
<latexit sha1_base64="lTlQWumx1kSMHz7epbWOlj23C8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ7UoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk/ZV1atVa/fXlYabx1GEMziHS/CgDg24gya0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD10gjdA=</latexit>nr

Ô For short-packet transmissions, time- & frequency-selectivity is limited...

A. Lozano and N. Jindal, “Transmit diversity vs. spatial multiplexity in modern MIMO systems,” IEEE Transactions on Communications,
January 2010.
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Diversity vs. Multiplexing at Finite Blocklength (2)
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Ergodic vs. Quasistatic Fading
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(High-SNR) Normal Approximations in a Nutshell

R∗(L,T , ε, ρ) =


Cε(ρ) + oT(T)oT(T) quasi-static fading

C(ρ) −
√

V(ρ)
L Q−1(ε) + oL(L)oL(L), ergodic fading

4 Available in closed-form

4 Normal approximations for quasi-static and ergodic fading are complementary

I useful performance benchmark

I allow for analytical studies of tradeoffs in communication systems / performance of protocols

8 Inaccurate for small εInaccurate for small ε

8 High-SNR normal approximations are inaccurate for small SNR values
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Finite-Blocklength Wireless Communications (again)

Nonasymptotic behavior of R∗(L,T , ε, ρ)
Estimate R∗(L,T , ε, ρ) by means of bounds:
4 very accurate

8 must be evaluated numerically (time consuming, not in closed form)

Saddlepoint approximations of R∗(L,T , ε, ρ)
4 almost as accurate as bounds

8 must be evaluated numerically (not in closed form)

4 can be computed more efficiently

Asymptotic behavior of R∗(L,T , ε, ρ)
Estimate R∗(L,T , ε, ρ) by means of asymptotic expansions (normal approximations,...):
4 available in closed form

8 only accurate in certain regimes
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Asymptotic Expansions in Finite-Blocklength Information Theory

Finite-blocklength bounds: evaluate

Pr

(
1
n

n∑
`=1

Z` > γ

)

for the i.i.d. random variables Z1, . . . ,Zn

Asymptotic expansions: perform asymptotic analysis of Pr
( 1

n
∑n
`=1 Z` > γ

)
as n →∞:

• Central limit theorem Ô normal approximation

• Large deviations (exponential tilting + Chernoff bound) Ô error exponents

• Exponential tilting + central limit theorem Ô saddlepoint expansion

©Tobias Koch (UC3M) 31 / 42



Saddlepoint Expansion

Z1, . . . ,Zn: sequence of i.i.d., zero-mean, random variables

• moment generating function: m(ζ) = E
[
eζZ`

]
• cumulant generating function: ψ(ζ) = log m(ζ)

Z` is lattice if it is supported on b, b ± h, b ± 2h, . . . (for some b and h)

Ô Z` is nonlattice if it is not lattice

Saddlepoint expansion (Daniels’54, Feller’71, Jensen’95,…):

Let Z1, . . . ,Zn be i.i.d. nonlattice random variables of positive variance. Assume that
m(ζ) <∞ on an open interval around ζ = 0. Then

Pr

(
1
n

n∑
`=1

Z` > γ

)
= en(ψ(τ)−τγ)

[
Q
(√

nψ ′′(τ)τ2
)

e n
2ψ

′′(τ)τ2
+ O

(
1√
n

)]
©Tobias Koch (UC3M) 32 / 42



Saddlepoint Expansions of Bounds on R∗(L,T , ε, ρ)

Meta-converse bound (PPV10):

R∗(L,T , ε, ρ) 6 sup
xL

 log ξ(xL)

LT
−

log(1 − ε− Pr
(∑L

`=1 j(x`; Y`) > log ξ(xL)
)

LT


• Z` ↔ j(x`; Y`)
• γ↔ log ξ(xL)

However:

• j(x`; Y`) depends on system parameters such as
I SNR

I number of transmit and receive antennas

I …

• We wish the error terms O(1/
√

n) to be uniform in these parameters
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Families of Distributions

Z1,θ, . . . ,Zn,θ: sequence of i.i.d., zero-mean, random variables

• depends on parameter θ ∈ Θ
• m(ζ)→ mθ(ζ),ψ(ζ)→ ψθ(ζ),ϕ(ζ)→ ϕθ(ζ)

Family of random variables Z`,θ is nonlattice if

sup
θ∈Θ

|ϕθ(ζ)| < 1, for every ζ 6= 0

We assume that (for some ζ0 > 0)
• sup
θ∈Θ,|ζ|<ζ0

m(4)
θ (ζ) <∞

• inf
θ∈Θ,|ζ|<ζ0

ψ ′′
θ(ζ) > 0
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Saddlepoint Expansion for Families of Distributions

Saddlepoint expansion for families of distributions:

Let Z1,θ, . . . ,Zn,θ be a family of i.i.d. nonlattice random variables. Then

Pr

(
n∑
`=1

Z`,θ > γ

)
= en[ψθ(τ)−τψ′

θ(τ)]

[
Ψθ(τ,n) +

Kθ(τ,n)√
n

+ o
(

1√
n

)]
where

Ψθ(τ,n) = Q
(√

nψ ′′
θ(τ)τ

2
)

e n
2ψ

′′
θ (τ)τ2

Kθ(τ,n) =
ψ ′′′
θ (τ)

6ψ ′′
θ(τ)

3/2

(
−

1√
2π

+
τ2nψ ′′

θ(τ)√
2π

− τ3ψ ′′
θ(τ)

3/2n3/2Ψθ(τ,n)
)

and τ is the solution to nψ ′
θ(τ) = γ.

o(1/
√

n): term that is uniform in τ and θ and vanishes faster than 1/
√

n

A. Lancho, J. Östman, G. Durisi, T. Koch, and G. Vazquez-Vilar, ”Saddlepoint approximations for short-packet wireless communica-
tions,” IEEE Transactions on Wireless Communications, July 2020.
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Upper Bound on Minimum Error Probability

Minimum error probability ε∗(L,T ,R, ρ): smallest error probability Pe for which there exists
a channel code of blocklength n and rate R

RCUs bound (MGiF11):

For every s > 0, there exists an encoder and decoder such that

ε∗(L,T ,R, ρ) 6 Pr

( L∑
`=1

(
Is(ρ) − i`,s(X`; Y`)

)
> LIs(ρ) + log U − LTR

)

where

i`,s(x`; y`) , log
fY`|X`

(y`|x`)s∫
fY`|X`

(y`|x̃)sdPX`
(x̃)

Is(ρ) , E[i`,s(X`; Y`)], and U ∼ U([0, 1]).

Ô for s = 1, RCUs bound = DT bound
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Lower Bound on Minimum Error Probability

Meta-converse bound (PPV10):

For every ξ > 0 and s > 0,

ε∗(L,T ,R, ρ) > Pr

(
L∑
`=1

(
Js(ρ) − j`,s(X`; Y`)

)
> s(LJs(ρ) − log ξ)

)
− elogξ−LTR

where

j`,s(x`; y`) , log
fY`|X`

(y`|x`)
qs

Y`
(y`)

qs
Y`
(y`) ,

1
µ(s)

(∫
fY`|X`

(y`|x̃)sdPX`
(x̃)
)1/s

and Js(ρ) , E[j`,s(X`; Y`)].

Ô meta-converse bound with auxiliary distribution qs
Y`
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Numerical Results: Notation

• Saddlepoint approximations:

“saddlepoint MC” and “saddlepoint RCUs”

• Normal approximation “NA”:

R∗(L,T , ε, ρ) ≈ C(ρ)

T
−

√
V

LT2 Q−1(ε)

C(ρ) = E[i`,1(X`; Y`)],V = Var[i`,1(X`; Y`)]

• Error-exponent approximation “EE”:

Solve ε∗(L,T ,R, ρ) = e−L[τψ′
ρ,1/(1+τ)−ψρ,1/(1+τ)] for R

where τ is such that 1
T

(
I1/(1+τ)(ρ) −ψ

′
ρ,1/(1+τ)

)
= R
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Numerical Results: n = LT Fixed
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Numerical Results: ε 7→ R∗(L,T , ε, ρ)
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Saddlepoint Approximations in a Nutshell

Apply the saddlepoint approximation to finite-blocklength bounds:

• mρ,s(τ) , E
[
eτ[Is(ρ)−i`,s(X`;Y`)]

]
• ψρ,s(τ) , log mρ,s(τ)

Saddlepoint approximations versus nonasymptotic bounds

Ô Complexity:

I Saddlepoint approximation: compute Is(ρ),ψρ,s,ψ
′
ρ,s,ψ

′′
ρ,s,ψ

′′′
ρ,s

I Nonasymptotic bound: compute Is(ρ) and Pr
(∑L

`=1 i`,s(X`; Y`) > γ
)

Ô Accuracy:

I Saddlepoint approximations are indistinguishable from nonasymptotic bounds

Saddlepoint approximations are “easy-to-compute” alternatives to nonasymptotic bounds
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Finite-Blocklength Wireless Communications

Nonasymptotic bounds

4 Very accurate over entire range of parameters

8 Must be computed numerically

8 Computational cost high & grows with L

(High-SNR) normal approximations

4 Available in closed-form

4 Accurate for moderate SNR values and ε

8 Inaccurate for small SNR values and ε

Ô useful performance benchmarks
(where accurate)

Ô proxy for R∗(L,T , ε, ρ)

Saddlepoint approximations

8 Must be computed numerically

4 Computational cost low & independent of L

4 Accurate over entire range of parameters

Ô “easy-to-compute” alternatives to
nonasymptotic bounds

Ô starting point for more refined
approximations


