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Target Scenario: Massive Random Access
▶ Multipoint-to-Point, K users

▶ Random user activation (Ka active
users), unknown to the receiver

▶ Regime of interest:
▶ Small payload
▶ Massively many users (K ≫ Ka)

▶ High level of contention: TIN is not desirable due to low
SINR, need parallel interference cancelation
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First Formulation of the RA Problem
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Multiple Access vs. Random Access
Multiple Access: divide-and-conquer approach
▶ Resource grants
▶ Closed-loop synchronization (OFDM symbol, TA)
▶ Power control, rate selection
▶ Coordinated assignment of orthogonal pilots
▶ CSI estimation
▶ MU-MIMO equalization
▶ Carrier frequency offset compensation
▶ FEC coding for the AWGN channel

Random Access: sporadic, uncoordinated transmission
All of the above functionality has to be implemented at the time

scale of a single packet arrival
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Gallager’s Perspective: Impact on Coding

▶ Full buffer assumption does not hold for RA

▶ Closed-loop “divide and conquer” approaches are excluded
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Multiple Access vs. Random Access
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Channel Model: SIMO, Non-Coherent,
Quasi-Static Block-fading

▶ Set A of active users, unknown to the receiver

▶ Block-fading with blocklength T

▶ Block synchronicity across the users

▶ M receive antennas, channel state hk ∈ CM for user k

▶ User k transmits a sequence sk ∈ CT

▶ At the receiver:

y =
∑
k∈A

vec
(
skhT

k
)

+ w =
∑
k∈A

sk ⊗ hk + w ∈ CTM
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Multilinear Spreading

▶ Assume that the blocklength factorizes as T =
∏d

i=1 Ti

▶ Let the transmitted sequence sk be defined as a multilinear
product of information-bearing vectors:

sk = x1,k ⊗ · · · ⊗ xd,k

▶ xi,k is a vector modulation suitable for single-user,
non-coherent communications (e.g. 1 reference symbol +
Ti − 1 QAM-modulated symbols)
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Tensor Algebraic Interpretation
Tensors generalize matrices to d ≥ 2 dimensions

 0 1 0
−1 0 0

0 0 0

0 0 −1
0 0 0
1 0 0

0 0 0
0 0 1
0 −1 0


▶ Rank 1, outer product ◦ and Kronecker product ⊗:

b

aa◦b     = 

b
c

aa◦b◦c    =

vec(a◦b) = a⊗b

vec(a◦b◦c) = a⊗b⊗c

Rank-1 matrix

Rank-1 tensor (order 3)

▶ Generalization to tensors of order d ≥ 2:
vec(a1 ◦ a2 ◦ · · · ◦ ad) = a1 ⊗ a2 ⊗ · · · ⊗ ad

▶ vec(·) is an isomorphism between the space of
(T1, . . . , Td)-dimensional tensors and the space of
(
∏d

i=1 Ti)-dimensional vectors (with the respective sums)
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Tensor CP Decomposition (PARAFAC)

▶ A tensor of sub-generic rank almost surely admits a unique
canonical polyadic (CP) decomposition into rank-1
components

a2,1

a3,1

a1,1

⇒ + +
a2,R

a3,R

a1,R

▶ Tensors can have “high” rank (min. # of CP components)
▶ Example: a (5,5,5,5) generic tensor has rank 37 a.s.

▶ “Unicity” is defined
▶ up to a permutation between the R terms, and
▶ up to d − 1 scalars per rank-1 term
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“Tensor-Based” Random Access [1]

▶ At each transmitter: sk is a rank-1 tensor of dimension
(T1, . . . , Td):

sk = x1,k ⊗ · · · ⊗ xd,k

▶ At the receiver:

y =
∑
k∈A

x1,k ⊗ · · · ⊗ xd,k ⊗ hk︸ ︷︷ ︸
rank-1 tensor of order d+1
and dimension(T1,...,Td ,M)

+w

▶ User separation is a low-rank tensor decomposition
problem, with mild unique decomposition conditions

[1] A. Decurninge, I. Land, and M. Guillaud, “Tensor-based modulation for unsourced massive random
access,” IEEE Wireless Communications Letters, vol. 10, no. 3, Mar. 2021.
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Noise-Free Performance Characterization

⊗h1

⊗hKa

SIMO
block-fading
channel

noise
w

hσ(1)

k

permutation
σ

x2,1

x1,1
⊗

x2,Ka

x1,Ka
⊗

CPD
Σ x1,k⊗x2,k⊗hk

x1,σ(1)

hσ(Ka)

x2,σ(Ka)
x1,σ(Ka)

^

^

^
^
^

x2,σ(1)^

▶ Noise-free case: x̂i,σ(k) ∝ xi,k as long as the decomposition is
uniquely identifiable

▶ Each rank-1 component (=1 user) is equivalent to the
parallel, noise-free transmission of d Grassmannian variables

▶ Per-user complex DoF:
∑d

i=1(Ti − 1)
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Maximum Achievable Ka (Noise-Free Case) [2]
▶ For (T1, . . . , Td , N)-tensors with general choices of the

xi,k , hk , the CPD is almost surely unique for Ka < R where

R =

 R1 − 1 for T1 ≥ R1

R2 − 1 for M ≥ R2

R0 otherwise

where

R1 = 2 − M + M
d∏

i=2

Ti −
d∑

i=2

(Ti − 1),

R2 = 1 + T −
d∑

i=1

(Ti − 1) and

R0 =
⌈ M

∏d
i=1 Ti

M +
∑d

i=1(Ti − 1)

⌉
(expected generic rank)

▶ The maximum supported Ka increases with # of Rx
antennas M

[2] L. Chiantini, G. Ottaviani, and N. Vannieuwenhoven, “An algorithm for generic and low-rank specific
identifiability of complex tensors,” SIAM Journ. Matrix Analysis and Applications, vol. 35, no. 4, 2014.
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TBM DoF Bounds

▶ At most Ka = R − 1 users can be identifiable, hence the
maximum Sum-DoF:

DTBM(R − 1) = (R − 1)
d∑

i=1
(Ti − 1)

▶ Cooperative DoF upper-bound (point-to-point M × Ka
non-coherent channel):

Dcoop(Ka) = M∗(T−M∗) where M∗ = min(Ka, M, ⌊T/2⌋)
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Achievable DoF, T = 1024, M = 50 antennas
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Achievable sum-DoF per channel use (DTBM(Ka)/T ) vs. Ka for different
tensor sizes (d and Ti ). Markers denote Ka = R − 1, while the slope of the

lines going through the origin represents the per-user DoF.
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Achievable DoF, T = 1024, M = 10 antennas
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Achievable sum-DoF per channel use (DTBM(Ka)/T ) vs. Ka for different
tensor sizes (d and Ti ). Markers denote Ka = R − 1, while the slope of the

lines going through the origin represents the per-user DoF. 16 / 26
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Genie-Aided Orthogonalization
▶ Active users are distributed into L even-sized groups that use

orthogonal resources (sub-blocks of length T
L )

▶ TBM is used within each subblock
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1 blocks of 1024 channel accesses
8 blocks of 128 channel accesses
32 blocks of 32 channel accesses
100 blocks of 10 channel accesses

▶ Grouping (even if perfectly even) is detrimental to Sum-DoF
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Finite SNR Performance Characterization

▶ Characterization of the xi,k 7−→ x̂i,σ(k) equivalent channel is
needed for an information-theoretic performance metric

⊗h1

⊗hKa

SIMO
block-fading
channel

noise
w

hσ(1)

k

permutation
σ

x2,1

x1,1
⊗

x2,Ka

x1,Ka
⊗

CPD
Σ x1,k⊗x2,k⊗hk

x1,σ(1)

hσ(Ka)

x2,σ(Ka)

x1,σ(Ka)

^

^

^
^
^

x2,σ(1)
^

+w

▶ The xi,k are related to the tensor singular vectors [3]

▶ Some tools based on random matrix theory for perturbation
analysis [4] (asymptotic, low-rank)

[3] L.-H. Lim, “Singular values and eigenvalues of tensors: A variational approach,” in IEEE International
Workshop on Computational Advances in Multi-Sensor Adaptive Processing, IEEE, 2005, pp. 129–132.
[4] M. El Amine Seddik, M. Guillaud, and R. Couillet, Annals of Applied Probability, vol. 1A, no. 34,
pp. 203–248, 2024. doi: 10.1214/23-AAP1962.
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Multilinear Spreading with Channel Impairments
▶ OFDM, single-path channel with unknown lag τk per user [5]

Cyclic Prefix OFDM Frame

Time
0 NCP∆s (N + NCP)∆s

Tx 1 Tx 2 Tx 3

Sampling
starts

Sampling
ends

τ1 τ2 τ3

▶ The channel gain includes a multiplicative phase ramp

D(ϕk) = diag
(
1, eıϕk , · · · , eı(N−1)ϕk

)
with ϕk = 2πτk

N∆s

▶ Under some technical conditions on T1, . . . Td and N,

D(ϕk) = D1(ϕk) ⊗ . . . ⊗ Dd(ϕk)

⇒ y =
∑
k∈A

(D1(ϕk)x1,k) ⊗ . . . ⊗ (Dd(ϕk)xd,k) ⊗ hk + w

▶ The CPD can still separate the (rank-1) users!
[5] A. Decurninge, P. Ferrand, and M. Guillaud, “Massive random access with tensor-based modulation
in the presence of timing offsets,” in Proc. GLOBECOM, 2022, pp. 1061–1066.
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Multilinear Spreading

sk = x1,k ⊗ · · · ⊗ xd,k

Joint coding (redundancy) and blind user separation
in the modulation domain

▶ Pros: makes equalization (blind user separation, impairment
compensation. . . ) easy

▶ Cons: what is this “code” actually doing?
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