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Prediction-Aided Communication
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® Connected intelligence vision: wireless devices and network nodes equipped with enough
computational power for ML algorithms

® Motivations:

® Success of LLMs as universal source compressors

® Data-driven approaches to joint-source channel coding (JSCC)

® Applications: efficient transmission of control information, real-time monitoring, collaborative
robotics

® Requirements: sequential/zero-delay, universal guarantees over sequences and predictors
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Related Problems
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® Fixed-slope universal lossy data compression [Yang, Zhang, Berger '97]

2" = arg min LZ(Z") + sd(z", ")

Zn
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Fixed-slope universal lossy data compression [Yang, Zhang, Berger '97]

2" = arg min LZ(Z") + sd(z", ")

Zn

® Universal zero-delay JSCC [Matloub & Weissman '06]: regret analysis

JSCC at finite blocklength [Kostina & Verdu, '13]: gain over separate schemes

Online (adaptive) conformal inference [Gibbs & Candes '24; Feldman et al., '23]: prediction sets with
coverage guarantees for sequential data
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This Talk: Two Special Cases

® Noiseless channel
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This Talk: Two Special Cases

! —)l predictor predictor |<— #t-1
T @ decompressor |—> 2t

® Qutage distortion d(z, %) = 1{% # x}
® Arbitrary bounded distortion d(x, %) € [0, Dmax|
® Packet erasure channel with perfect ACK/NACK feedback

t=1 —)I predictor predictor l‘- !
acket erasure N
o ﬂressor i channel ] o

ACK/NACK
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Noiseless Channel with Outage Distortion: Setup

,;,tfl—)l predictor predictor l(—;i,-‘*l
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® Variable-length compressor: gi®™ : X x P(X) — {0,1}*; g™ (@e,pe(-|2'71)) = ¢
® Decompressor: gic®: {0,1}* x P(X) = X;  ¢{(ce, pe(- | 2t71)) = &4

® Per-symbol outage distortion: d(z¢,2+) = 1{%¢ # ¢}
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Noiseless Channel with Outage Distortion: Goal

j**'—)' predictor predictor l(—j'*'
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R com e
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Goal
® Minimize compression rate R,, = 1 i((ct)
"=

® Subject to distortion constraint

I~ s noyra n
SY e A} <D+, Vn, Va", VB )}Ha
t=1
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An Adaptive Conformal Inference Approach
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An Adaptive Conformal Inference Approach: Compressor
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® Define high-probability set X; = {x € X : (x| &"") > 54}
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® Define high-probability set X; = {x € X : (x| &"") > 54}
® Renormalize probability distribution after adding outage symbol z, to X}
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® Define high-probability set X; = {x € X : (x| &"") > 54}
® Renormalize probability distribution after adding outage symbol z, to X}
~ At—1

(1 py il #7)

Pe(z|d ™) = Daren, Prlx]E1)
D, T = o

J:EXt

® Construct lossless, prefix-free code {c(z),z € X; U {xo}} matched to p(-|2"™")

Set ¢; = c(ay) if ¢+ € X and ¢, = c(w,) otherwise
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Decompressor and Threshold Update
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® Given s; and p(-|#'™1), construct X;, p(x|2'"), and code {c(z),z € X U {z.}}
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® |f x4 € X is the symbol associated to c;, set &+ = x:
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Decompressor and Threshold Update

t-1y

pe(- | &

R
® Given s; and p(-|#'™1), construct X;, p(x|2'"), and code {c(z),z € X U {z.}}

® |f x4 € X is the symbol associated to c;, set &+ = x:

® If z, is the symbol associated to c¢, set &y = arg max, ¢, pt(z| #h
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Decompressor and Threshold Update

t-1y

pe(- | &

Xy

® Given s; and p(-|#'™1), construct X;, p(x|2'"), and code {c(z),z € X U {z.}}

If z; € X is the symbol associated to ci, set &; = =+

If zo is the symbol associated to c:, set #: = arg max, ¢y, pt(z | #1)
® Adaptive conformal prediction threshold update at both compressor and decompressor
s¢ = max{0, \¢}
Air1 = ¢ — ? (1{z: ¢ X4} — D)
step size
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Theoretical Guarantees

Theorem
For every sequence of source symbols ™ and predictors {p: }i=, and every target distortion D € [0, 1],

the distortion of the reconstructed sequence &' satisfies positive initialization

n v
1 1-D)+ X
,E l{xt#jt}§D+w
n nn
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Theoretical Guarantees

Theorem

For every sequence of source symbols ™ and predictors {p: }i=, and every target distortion D € [0, 1],
the distortion of the reconstructed sequence &' satisfies positive initialization

n v
1 1-D)+ X
,E l{xt#jt}gp+w
n nn

Proof
® Recall the threshold update rule

At+1 = A —n (H{z: ¢ X} — D)

® Telescoping
Ao = Ant1

nn

1 n
Ele{yct;‘ég}t}ngL
=1

® Show that \; is bounded from below uniformly in ¢
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Proof of last statement

Claim: A+ > —n(1 — D) for all ¢
® Assume that the sequence {\;} drops below —n(1 — D) for the first time at ¢’ + 1
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Claim: A+ > —n(1 — D) for all ¢
® Assume that the sequence {\;} drops below —n(1 — D) for the first time at ¢’ + 1
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Proof of last statement

Claim: A+ > —n(1 — D) for all ¢
® Assume that the sequence {\;} drops below —n(1 — D) for the first time at ¢’ + 1
® Then Ay = Apqq + 7 (I{z ¢ X} — D) <0
® Hence, sy = max{0,\y} =0and Xy =X
® As a consequence, A\y11 = Ay — 1 (L{z: ¢ Xt} — D) = A\e + 1D

® Contradiction!
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Some Numerical Results: Online Conformal Compression (OCC)

® Lossy compression on English text
® Predictor: nanoGPT-2 model fine-tuned on holdout portion of Shakespeare’'s work

|X| = 50257 tokens

® Baseline
® Dropout-LLMZip: lossless compression + symbols dropped independently with probability D

® Block-conformal compression (BCC): chooses optimal threshold s* in hindsight, based on
entire sequence x"
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Performance on Shakespeare’s Dataset
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Performance on Nonstationary Data

Up to time n = 3500 data comes from Shakespeare's dataset and afterwards from Taylor Swift's songs
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More General Distortion Metrics

j;t_'—)| predictor predictor l(—j’—'

De(-| 271 Pe(-] @71

Tt G dec -
t t

The online conformal compression scheme just described relies heavily on the binary nature of the
outage distortion

® Both compressor and decompressor can track accumulated distortion!

® For more general distortion functions this is possible only at the compressor side

® Key idea: combine (per-symbol) fixed-slope universal lossy compression metric with adaptive
conformal inference
Prediction-aided comm. | Giuseppe Durisi
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A Variable-Slope Scheme

Compressor

® Input: slope parameter s, variable-length prefix-free code {c(x),z € X'} matched to p(- |£'™")

13

lossless
@ D & L
—_ — Q) < 1
Tt St Tt

d(zy,-)
® Compute

Ty = arg min{— log pe(z | it_l) + sed(w, a:)}
rzeEX

® Set ¢; = c(Zy)
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A Variable-Slope Scheme

Compressor

&y = arg min{— log p(z | 7 + sed(e, z)}
TEX

Decompressor
® Construct variable length prefix-free code {c(z),z € X'} matched to p(-|2"™")

® |nvert c; to recover Ty = Ty

Threshold update (at compressor only)

s¢ = max{0, \¢ }
)\t+1 = )\t + n(d(l‘t, Li't) — D)
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Theoretical Guarantees

Theorem

:i;;tfl

Assume that for all ¢ and all , there exists a constant L such that

I&a}){(—logﬁt(x |# Y <L

Then for every =", every sequence of predictors satisfying the assumption, and every target distortion
level D € (0, Dmax], the distortion of the reconstructed sequence satisfies

L/D + n(Dmax — D) — Ao
nn

%Zd(wt,ft) <D+
t=1
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Packet Erasure Channel

;},”*l—bl predictor predictor l(—;;;t*l

P71 Pl |27

packet erasure

dec ~
T
channel g ‘

Tt

B, €{0,1}

® Erasure model: ¢; =c; if By =0,and ¢; =® if E; =1

® Decoder: if & = ®, set £ = arg max, . pe(z|2'"")

® Channel induced distortion known to encoder via ACK/NACK feedback
0 = d(x¢, Tt) — d(me, %) >0

with
&y = arg min{— log p¢(z | Y 4 sed(a, z)}
TEX

18/26
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A Doubly-Adaptive Conformal Update Rule

13

® Accounting for channel-induced distortion: fix € > 0 and let s; = max{0, A\:} with
correction

A1 = A +n(d(ze, &) — (D = 6,7))
591 = min{D — e, A" — A"}

t t
ch ch cor cor
A= E 6y AT = g 6
i=1 i=1

® Queuing analogy: drain residual distortion @, = A — A$°" under maximum service rate D — ¢
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Theoretical Guarantees

Theorem

For every sequence of symbols ™ and every sequence of predictors p; satisfying the boundness
assumption, and for every target distortion level D € (0, Dax], the average distortion of the
reconstructed sequence Z; satisfies

= Zd(xt,i‘t) <D+ L/e+ n(Dimax = €) = Xo + Qn
n nn n

Question

Under which conditions does @), grow sublinearly in n?
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Minimum Envelope Process

Definition

Given the sequence of erasure events {E:};>1 and an integer 7 > 1, the minimum envelope process is
defined as the maximum number of erasures within any window of 7 consecutive slots

k+T1
V(r {E)) =sup Y F
k21 %
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Minimum Envelope Process

Definition
Given the sequence of erasure events {E:};>1 and an integer 7 > 1, the minimum envelope process is
defined as the maximum number of erasures within any window of 7 consecutive slots

k+T1
U(r {E}) = sup > B
k2liok
£
Sufficient condition for sublinear growth of @y,
There exists a constant A < (D — €)/Dmax and a sublinear function ¢(7) such that
U (7, {E}) < AT + ¢(7)
<
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Theoretical Guarantees via Minimum Envelope Process

Sufficient condition for sublinear growth of @,

There exists a constant A < (D — €)/Dmax and a sublinear function ¢(7) such that

U(1,{E:}) < AT + ¢(7)

Theorem

Suppose the sequence of the erasure events { E;} satisfy the sufficient condition just stated; then for
every sequence of source symbols =™ and predictors {p:} and target distortion level D € (0, Dmax], we
have that

Qn < Tmax(Dmax — D —€) + D — ¢

Tmaxzmin{TeN:MgD_é—A}

T Dmax

where
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Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

Prediction-aided comm. | Giuseppe Durisi 23 /26



Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

® Note that

to

Qu = > (65" = 55)

t=tq

Prediction-aided comm. | Giuseppe Durisi 23 /26



Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

® Note that

Q=S 6" (r-1)(D -0

t=tq

Prediction-aided comm. | Giuseppe Durisi 23 /26



Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

® Note that

QtQ S Dmax Zz Et - (T - 1)(D — 6)

t=tq

Prediction-aided comm. | Giuseppe Durisi 23 /26



Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

® Note that

Qt2 S Dmax[AT + (15(7-)] - (T - 1)(D - E)

Prediction-aided comm. | Giuseppe Durisi 23 /26



Proof
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Proof

® Consider w.l.o.g. an interval [t1,t2) of size 7 in which Q; > D — ¢ for all t € [t1,t2);
Qi—1 < D —¢€, Q¢, < D — ¢; we want to bound 7

® Note that

Qtz S (ADmax -D + 6)7— + Dmax¢(7) + D —e

® Drops below D — € at
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Random Erasures and Guarantees via Concentration of Measure

Memoryless time-varying erasure channel

® Assume that {E; ~ Bern(e)}, that the {E;} are independent and that the {e;} satisfy minimum
envelope assumption
U(r,{e:}) < AT + ¢(7)
with A < (D — €)/Dmax and ¢(7) sublinear.

® Then for every sequence of source symbols z™, every sequence of predictors {p:}, and every
distortion level D € (0, Dmax], for every §,, € (0, 1) the distortion of the reconstructed sequence
Z™ satisfies

1S d(ed) < D LLET M Dmae =) —do | O(Dma*¢(") 4 Dmox log(l/dn))
n nn n n

with probability 1 — 4,
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Erasures in Bursts: Gilbert-Elliot Erasure Model

® Two-state Markov chain with state space {B,G}; ep: erasure prob. corresponding to B; eq:
erasure prob. corresponding to B

® [7(B),n(G)]: steady state probability; € = 7(B)es + 7(G)eq: steady-state erasure prob.
® ~: spectral gap

Lemma: concentration of measure for minimum envelope of {e;}

Assume that v < 1; for every § € (0,1] for all 7 > 1 and all k € {1,...,n},

k+1
_ 1+~ 272
S e < 1
Zeesert \/71 — Og(&s min{7(B),7(G)}

with probability 1 — §

Implication

Probabilistic distortion guarantees provided that € < (D — €)/Dmax
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Conclusion
predictor predictor
Pe(- | context) Pe(- | context)

source

Jscc Jscc N

Ty channel Ty
enc dec

Summary Open questions
® Prediction-aided communication (noiseless ® More realistic channel models and JSCC
and packet erasure) ® Multiple predictors
® Sequential, universal distortion guarantees ® Online predictor adaptation and regret
® Novel schemes based on adaptive conformal analysis
inference ® Efficient implementations
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